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Abstract 

We study non-abelian differentiable gerbes over stacks using the theory of Lie 
groupoids. More precisely, we develop the theory of connections on Lie groupoid G- 
extensions, which we call "connections on gerbes", and study the induced connections 
on various associated bundles. We also prove analogues of the Bianchi identities. In 
particular, we develop a cohomology theory which measures the existence of connec- 
tions and curvings for G-gerbes over stacks. We also introduce G-central extensions of 
groupoids, generalizing the standard groupoid S^-central extensions. As an example, 
we apply our theory to study the differential geometry of G-gerbes over a manifold. 
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1 Introduction 

The general theory of gerbes over a site was developed by Giraud [26]. Its main motivation is 
the study of non-abelian cohomology theory. Indeed, Giraud's theory shows, in particular, 
that 5 1 -bound gerbes over a manifold are in one-one correspondence with the third integer- 
coefficients cohomology group of the manifold. Due to this fact, gerbes are often referred to, 
in the literature, as geometric realizations of degree 3 integer cohomology classes. Recently, 
string theory (2U E7J [58] fostered the study of the differential geometry of gerbes. The 
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differential geometry of S -bound gerbes over manifolds — Murray named them bundle 
gerbes [42] — was investigated by many authors among whom Brylinski [18J, Murray 
[42J, Chatterjee [19] and Hitchin ]28j. A theory of connections, curvings and 3-curvatures 
was developed, which was used to define the characteristic classes, called Dixmier Douday 
classes, of bundle gerbes ]42j. 

However, the differential geometry of the more general non abelian gerbes is a subtler 
question. For bundle gerbes, a connection is defined to be a connection 1-form for the usual 
principal 5 1 -bundle satisfying some additional property [42l|28]. However, as non abelian 
G-gerbes can no longer be considered principal G-bundles, the obvious generalization won't 
work, and it is not clear what a connection on a non abelian gerbe should be. 

Breen-Messing were the first to study the differential geometry of non abelian gerbes. 
Their important approach relies on the use of Kocks' synthetic geometry [34] as a tool 
to study the differential geometry of non abelian gerbes from an algebraic geometry per- 
spective. They introduced the concepts of connections, curvings and 3-curvatures and ob- 
tained various identities between them. Later on, Aschieri-Cantini-Jurco investigated a 
non abelian analogue of bundle gerbes from a more physical point of view [2]. Yet another 
interesting approach pioneered by Baez-Schreiber [3j [4j [5j [49] is to use higher gauge theory 
E2, 3JI [27] . As was shown by Breen [HI [12], a G-gerbe is equivalent to a 2-group bundle 
in the sense of Dedecker [22], where the 2-group is the one corresponding to the crossed 
module G — > Aut(G) (see [25] for a geometrical construction). Hence, a "connection" on a 
G-gerbe should correspond to a "connection" on the 2-group principal bundle. The latter is 
the viewpoint adopted by Baez-Schreiber [HE]. See also [36] for the case of bundle gerbes. 

The aim of this paper is to propose an approach based on Lie groupoid extensions to study 
geometry of non abelian differentiable gerbes. It is based on the theory of differentiable 
stacks developed in [Jl [8] (see also [43]). Roughly speaking, differentiable stacks are Lie 
groupoids up to Morita equivalence. Any Lie groupoid T defines a differentiable stack: the 
differentiable stack Xr of T-torsors. Two differentiable stacks Xr and 3L' r are isomorphic 
if, and only if, the Lie groupoids T and T' are Morita equivalent. In a certain sense, Lie 
groupoids are like "local charts" on a differentiable stack. The relation between differentiable 
gerbes and Lie groupoids is described by the following table, whose right hand side lists 
the main topics investigated in this paper. 



Stack language 


Groupoid Language 


differentiable stacks 
gerbes over stacks 
G-gerbes over stacks 
G-bound gerbes over stacks 


Morita equivalent Lie groupoids 
Morita equivalent groupoid extensions 
Morita equivalent groupoid G-extensions 
Morita equiv. groupoid G-extensions with trivial band 



Our approach has the advantage of avoiding abstract stacks by working directly with Lie 
groupoids, which are much more down-to-earth. Moreover it allows us to use the usual 
techniques of differential geometry and formulate our results in a global fashion without 
resorting to local charts. Such a viewpoint has already been taken by a few authors. For 
example, by Murray [42] and Murray- Stevenson ]44J in their study of bundle gerbes and 
in the proof of their theorem concerning stable equivalence classes. For equivariant bundle 
gerbes, see pH 2U [54] . In [3 [8] and [10] . S^-bound gerbes over differentiable stacks were 
studied in terms of 5 1 -central extensions of Lie groupoids, and the characteristic classes 
of gerbes, i.e. the Dixmier-Douady classes, were introduced in terms of connection-like 
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data. This perspective is also central in a series of work of Moerdijk fill [46]; in particular, 
[45] explores the deep connection between the classification of extensions of regular Lie 
groupoids, Giraud's non abelian cohomology [26] and subsequent work of Breen [13J. 

In this paper, we develop a theory of connections on groupoid extensions, which we call 
"connections on gerbes". A connection on a groupoid extension X\ — > Y\ =4 M is an 
Ehresmann connection on the fiber bundle (j) : X\ — * Y\, which is compatible with the 
groupoid structure on X% =4 M. More precisely, a connection on a Lie groupoid extension 

X\ — » Y\ =4 M is a horizontal distribution H on X\ — * Y\ which is also a subgroupoid of 
the tangent groupoid TX\ =4 TM . For S^-central extensions, such a connection is auto- 
matically a connection for the principal 5 1 -bundle X\ — > Yi, i.e. it is invariant under the 
action of S\ This is in agreement with the definition of connections in [3 El EE], which 
coincides with the one used by Brylinski (who uses the name "connective structures") [18J, 
Murray [42j and Hitchin [28j . However, in general, although <j> : X% — ► li is a bi-principal 
/C-/C-bundle, where K, is the kernel of (f>, the horizontal distribution defining a groupoid ex- 
tension connection is not invariant with respect to either /C-action of the principal bundle. 
We also introduce the notion of curvings and 3-curvatures for G-extensions. Finally, a coho- 
mology theory is developed that measures the obstructions to the existence of connections 
and curvings. 

We now describe the contents of this paper in more details. 

Section 2 recalls some basic definitions and notions central to this paper. These include 
groupoid extensions, Morita equivalence of Lie groupoid extensions, and generalized mor- 

phisms of Lie groupoid extensions. Given a groupoid extension X\ Y\ 14 M, let 
fC = ker <p be its kernel. The outer action is a canonical groupoid morphism from Y\ =4 M 
to Out(/C, JC) =4 M, which is essential to the definition of the band of a groupoid extension. 

Section 3 is devoted to the study of G-gerbes, or more precisely, groupoid G-extensions. 
The notion of band is introduced, which is a principal Out(G)-bundle (or an Out(G)- 
torsor) over the groupoid Y\ =4 M . Groupoid G-extensions with trivial band — they are 
called G-bound extensions in the paper — are emphasized and related to the so called 
groupoid G-central extensions, a natural generalization of groupoid S^-central extensions 
[56l El H]. A one-one correspondence between groupoid G-central extensions and Z{G)~ 
central extensions is proved. As a special case, we consider G-gerbes over a manifold, i.e. 
groupoid G-extensions of a Cech groupoid, where the non-abelian Cech 2-cocycle conditions 
as in [14] arise naturally. In particular, we derive, by a direct argument, the following non- 
trivial theorem of Giraud: the isomorphism classes of G-bound gerbes over a manifold iV 
are in one-one correspondence with H 2 (N,Z(G)). 

Section 4 is devoted to the study of connections on groupoid extensions. As usual, we give 
three equivalent definitions: horizontal distributions, parallel transportations, and connec- 
tion 1-forms. We then discuss the induced connections on the bundle of groups K, — > M and 
its corresponding bundle of Lie algebras ^ — > M. We also prove analogues of the Bianchi 
identities. 

In Section 5, we prove that a connection on a groupoid extension induces a canonical 
connection on its band. We discuss the relations between the curvatures of various in- 
duced connections, and in particular we derive an important formula which expresses the 
curvature on the band in terms of the curvature on the group bundle K, — > M. 
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In the last Section, we develop a cohomology theory, called horizontal cohomology in the 
paper, which captures the obstruction to the existence of connections and curvings. In a 
certain sense, this is a generalization of smooth Deligne cohomology [IB] to the non-abelian 
context. This cohomology is shown to be invariant under Morita equivalence, and hence de- 
pends only on the underlying gerbe. We then compute explicitly the horizontal cohomology 
groups for G-gerbes over a manifold. As a consequence we show that connections always 
exist on any G-gerbe over a manifold. Finally we introduce fiat G-gerbes and prove that in 
the case of central extensions they are in one-one correspondence with flat Z(G)-gerbes. 

After the present paper was completed, we learned that non-abelian gerbes were also 
investigated by Stevenson [53] from a different viewpoint. The relation between our ap- 
proach and Breen-Messing's [14] is recently explored in [15]. An explicit correspondence 
between G-gerbes and [G — > Aut(G)]-bundles is constructed geometrically in [25]. Non- 
abelian gerbes have also appeared in many recent works in deformation quantization 
[E], [HI EQl EH [32l EH] EU SH [59l EO]. We hope that our theory will be useful in un- 
derstanding the geometry underlying these works. 

Acknowledgments We would like to thank several institutions for their hospitality 
while work on this project was being done, among which Penn State University (Laurent- 
Gengoux) and Universite Pierre et Marie Curie, Paris 6 (Xu). We also wish to thank many 
people for useful discussions and comments: Lawrence Breen, Marius Crainic, Gregory 
Ginot, Andre Haefliger, Jim Stasheff, Jean-Louis Tu and Alan Weinstein to name a few, 
and especially Kai Behrend, who was participating in this project at its earlier stage. 

2 Differentiable gerbes as groupoid extensions 
2.1 Lie groupoid extensions 

The purpose of this section is to set up the basic notions of differentiable gerbes in terms 
of Lie groupoid extensions. Some materials here might be standard for experts [TT1 145] . 

Definition 2.1. A Lie groupoid extension is a morphism of Lie groupoids 



M — M 

where <f> is a fibration. 

For short, we denote a groupoid extension simply by A. — » Y m or X± — ► Y± =4 M . 

The kernel of a Lie groupoid extension A. — > Y m is the preimage K, (or ker (f>) in X\ of 
the unit space of Y,. It is obviously a subgroupoid of A. on which the source and target 
maps coincide making it into a bundle of groups over M. Alternatively, we can define a 
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Lie groupoid extension as a short exact sequence of Lie groupoids 




(1) 



where K, =4 M is a Lie groupoid whose target coincides with the source, i.e. a bundle of 
Lie groups. 

There are a few important features that deserve to be pointed out. First /C =4 M is a 
subgroupoid of X\ =X M . Therefore we can multiply an element of X\ by a composable 
element of K, from both the left and the right. These two actions commute and the quotient 
space by any of these actions is Y\, Thus X\ — » Y\ is a /C-/C principal bibundle. 

Second, the groupoid X\ =4 M acts on K, — > M by conjugation. More precisely, any x € Xi 
induces a group isomorphism 



Ad T : JC 



t(x) 



s(xy,g ^ x ■ g ■ x , 



where the multiplication on the right hand side stands for the product on X\ 



2.2 Morita equivalence of Lie groupoid extensions 

Let T\ ^ To be a Lie groupoid, and J : Po — > Tq a surjective submersion. Let Pi denote 
the fibered product Po x J,r ,s Ii Xt,r ,J Po- Then P\ Po has a natural structure of Lie 
groupoid with structure maps s : Pi — > Po : (p 5 (?) i— ► p, i : Pi — > Po : (p, x, q) t— > g, 
and m : P2 — > Pi : ((p,x,q), (q,y,r)) 1— > (p,xy,r). This is called the pullback groupoid 
of Ti zzt To through J and is denoted by Ti[Po] 14 Po- Recall that a morphism of Lie 
groupoids J from Pi P to Ti To is said to be a Morita morphism if J : Po — > To 
is a surjective submersion and Pi =4 Po is isomorphic to the pullback groupoid of Ti To 
through J. Two Lie groupoids Ti =4 To and Ai ^ Ao are said to be Morita equivalent 
if there exists a third Lie groupoid Pi =4 Po together with a Morita morphism from 
P. to T. and a Morita morphism from P. to A. [45]. Equivalently, two Lie groupoids 
Fx To and Ai :4 Ao are Morita equivalent if there exists a manifold Po, two surjective 

submersions Po — + To, Po — > Ao and an isomorphism of groupoids between Ti[Po] =t Pq 
andri[P ] ^P . 

Note that there is a 1-1 correspondence between Morita equivalence classes of Lie groupoids 
and (equivalence classes of) differentiable stacks [HE]- 

Now we are ready to introduce the definition of Morita equivalence of groupoid extensions. 

Definition 2.2. A Morita morphism f from a Lie groupoid extension X[ — » Y[ =4 M' 
to another extension X\ — > Yi ^ M consists of Morita morphisms 

X[ — Xi and Y{ — Yi 

-I || || |>. 

M' — M M' — r-^ M 
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such that the diagram 



(2) 



Y{ — U. Y\ 



M' —j*- M 

commutes. 

It is simple to see that any Morita morphism of Lie groupoids 

/ 




such that 

/(ker0') = ker0 (3) 

induces a Morita morphism between the groupoid extensions X' m — > Y[ and X. —*Y,. The 
converse is also true. 

Definition 2.3. Two Lie groupoid extensions X± Y\ =3 M and X[ Y[ =$ M' are 
said to be Morita equivalent if there exists a third extension X" — > Y" =4 M" together 
with a Morita morphism from X'J — > Y." to X. Y m and a Morita morphism from 

x'l ^ y" to x: ^ y;. 

Equivalently, two Lie groupoid extensions X\ ^Y\^> M and X[ -^-> y/ =4 M' are Morita 
equivalent if there exists a manifold P, two surjective submersions P — > M, P — ► M' and 
an isomorphism of Lie groupoid extensions between X\ [P] — > Y\ [P] =4 -P and X[ [P] — > 

y/[p] : /'. 

One easily checks that this yields an equivalence relation on Lie groupoid extensions. Morita 
equivalence can also be defined in terms of bitorsors [29]. 

Recall that a Lie groupoid Ti ^ To is said to act on a manifold P (from the left) if there 
exists a map J : P — > To, called the momentum map, and an action map Ti Xt,r ,J P ~~ * 
P : (x,p) i— > x ■ p such that x\ ■ (x2 • p) = (x\X2) • p and J(p) ■ p = p, for all (x\,X2,p) € 
Ti x t p o s ri Xt,r ,jP- Let Fx ^ To be a Lie groupoid and M a manifold. A (left) T.-torsor 
over M is a manifold P together with a surjective submersion ir : P — > M called structure 
map and a left action of T m on P such that the action is free and the quotient space 
T\\P is diffeomorphic to M . In other words, for any pair of elements p\,P2 in P satisfying 
7r(pi) = 7r(p2), there exists a unique solution x G Ti to the equation x -pi = pi- A T.-A.- 
bitorsor is a manifold P together with two smooth maps / : P — > Tq and g : P — ► Ao, 
and commuting actions of T m from the left and of A. from the right on P, with momentum 
maps / and g respectively, such that P is at the same time a left-r.-torsor over Ao (via 
g) and a right A.-torsor over To (via /). 
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Proposition 2.4. Let T m and A. be two Lie groupoids. There exists a T m -A m -bitorsor if 

and only if T m and A. are Morita equivalent. 

Proof. This is a standard result. We will sketch a proof here, which is needed later on. 

| => | Choose a bitorsor Po- Let Pi be the fibered product T\ x t r Po x a ,s Ai. There is a 
natural groupoid structure on P x ^ P . The source and target maps are defined by 

s{l,P,$)=P and t(j,p,6) = j ■ p ■ 5. (4) 

Hence a pair (71, pi, 61), (72,^2, 82) of elements of Pi is composable if and only if 71 -p\ -6i = 
P2- The product is defined by 

(7i>Pi>*l) ' (72,P2,h) = (7271 , Pi, #1 £2)- (5) 
One checks that the maps 

ri «- Pi - Ai 

induce Morita morphisms 

Ti - Pi Ai . 

r < — Po — a 

Indeed, the maps 

Pi -» Ai[P ] : ( 7)J >,<5) ^ (p,5,-ypS) 

and 

Pi ->ri[P ] : (j,p,5) i-» (p,7 _1 ,7P^) 

induce the required Lie groupoid isomorphisms between Pi =4 Po and the pull-backs of A. 
and T. over Po. 

I <= I This follows from the following two facts. 

• If T. — > A. is a Morita morphism, then P = To x a ,sAi is naturally a T.-A.-bitorsor. 

• If P is a T.-A.-bitorsor and Q is a A. -P. -bitorsor, then (P xa Q)/Ai is a T.-E.- 
bitorsor. 

□ 

Proposition 2.5. Lei Xi Y\ =t M and X[ Y[ 14 M' 6e too Lie groupoid extensions 

with kernels K and K! respectively. Then X. ^ Y. and X' m —> Y.' are Morita equivalent 
if and only if there exists an X.-X' m -bitorsor B such that the orbits of the induced actions 
of K. and JC' on B coincide and the corresponding orbit space is a manifold. 

A bitorsor as in the above proposition will be called an extension 0.-<// -bitorsor. We 
refer the reader to [HOD] f° r the discussion on Morita equivalence of 5 1 -central extensions. 

The proof of this proposition will be postponed to the next section. 

Remark 2.6. There is a 1-1 correspondence between Morita equivalence classes of Lie 
groupoid extensions and (equivalence classes of) differentiable gerbes over stacks. 
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2.3 Generalized morphisms of Lie groupoid extensions 



The material here is parallel to Section 2.1 in [51] and follows the approach in [29], to 
which we refer the reader for details. 

Definition 2.7. A strict morphism of groupoid extensions is a commutative diagram 
as below, where the horizontal arrows are groupoid homomorphisms: 




(6) 



and, for any m' € M' , the restriction of f : X[ 
an isomorphism. 



Xi to a map ker < 



ker ( 



l/(m') 



■ts 



In particular, Morita morphisms of groupoid extensions are strict homomorphisms of 
groupoid extensions. 

Definition 2.8. Let X\ ^-*Y\=X M and X[ Y{ =4 M' be two Lie groupoid extensions 
with kernels K, and Kf respectively. A generalized morphism of groupoid extensions 

from X[ $U Y{ ^M' to X X ^Y X ^M is a X' m -X m bimodule M' 'J- B M (i.e. B is a 
X' m -left space and X m -right space and the X' m and X t actions commute) satisfying 



1. B is a X.-torsor, and 

2. the induced actions of K. and Kl on B are free, and their orbits coincide so that the 
corresponding orbit space is a manifold. 

It is easy to see that, in this case, JC\B = B/K' is a generalized morphism from Y[ =4 M' 
to Yi z4 M. 

Lemma 2.9. Strict homomorphisms of groupoid extensions are generalized homomor- 
phisms. 

Proof. Let / be a strict homomorphism of groupoid extensions from X[ Y[ z4 M' to 

X 1 ^ Yi z4 M. Set B f = M' x f>M)S X%, where B f -> M' is (m', x) ^ m' , and B f -> M is 
(m',x) i— > t(x). The left X^-action is given by x' • (t(x'),x) = (s(x'), f(x')x) and the right 
X.-action is given by (m',xi) • X2 = (m/, xix-z). It is simple to see that the induced actions 
of ker (p 1 and ker <f> on B are free and their orbits coincide. The corresponding orbit space 
is the manifold M' x f m,s ^l- This concludes the proof. □ 

Just like strict homomorphisms, generalized homomorphisms of groupoid extensions can 
be composed. 
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f 9 

Proposition 2.10. Let M" < — B — > M be a generalized morphism of groupoid extensions 

from X'l Y{' z4 M" to X' x *U Y[ =t M' , and M' J- B ^ M a generalized morphism 

of groupoid extensions from X[ — ► Y[ 14 M' to X\ — > Y\ 14 M , their composition is the 

generalized morphism of groupoid extensions from X'l — > Y" :4 M" to X x Yi =4 M 
<?ii>en 6y i/ie X" -X t -bimodule 

B" = (B'x M , B)/X[, 

where X[ z4 M' acts on B' Xm> B diagonally: (b', b) ■ x' = (b' ■ x', x'~ l b), for all compatible 

x' £ X' x and (&', b) G B' x M , B. In particular, if both M' J- B ^ M and M" X B' M' 
are bitorsors, the resulting composition is a (j). — (f)"-bitorsor. 

Moreover, the composition of generalized morphisms is associative. 

As a consequence, we obtain a category, where the objects are groupoid extensions and the 
morphisms are generalized homomorphisms of groupoid extensions. Invertible morphisms 
exactly correspond to Morita equivalence of groupoid extensions. As usual, we can decom- 
pose a generalized homomorphism of groupoid extensions as the composition of a Morita 
equivalence with a strict homomorphism. 

Proposition 2.11. Any generalized homomorphism of groupoid extensions M' <— B M 

from X[ —> Y[ =4 M' to X\ — > Y\ =4 M can be decomposed as the composition of 
the canonical Morita equivalence between X' m — > Y' % and X' m [B] — > Y^[B], with a strict 
homomorphism of groupoid extensions from X' m [B] — > Y{[B] to X. — > Y m . 

Proof. Denote by X[[B] -> Y{[B] z4 B the pull pack extension of X[ -> Y{ 14 M' via 

the surjective submersion B — > M . Then the projection from X. [B] — > Yf[B] to X m — > Y. 
is a Morita morphism, which induces a Morita equivalence between these two groupoid 
extensions. 

As in the proof of Proposition 12.41 consider the fiber product X[ x t M i B x A / s X x . Thus 
X'i X-t,M'B x m,s X\ =4 B is a Lie groupoid, where the source, target, and multiplication are 
given by Eqs. (|4|) and j5|). Introduce an equivalence relation in X[ x t) Af B Xm,s X x ^ B 
by (x',b,x) ~ (x'k',b,k~ 1 x), iff k'b = bk, where k' G ^(6) an( ^ ^ e ^-t(ft)- It follows from a 
direct verification, using Eqs. (J4j) and j5j), that the groupoid structure on X[ Xt ; M' B x m,s 
X± =4 B descends to the quotient and X[ x tM >B x Ms X x — > (X[ x tM >B x m,sX\)/ B 
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is a groupoid extension. Moreover, one has the following commutative diagram 



X[[B] - X[ x t , M > B x M ,s Xx 



Y{[B\ - (X[ x t , M ' B x MjS X 1 )/ 



X x 



Yx 



B 



B 



M 



(b,(x')-\x'bx)* {x',b,x) ^x (7) 



{b, ^((x'y 1 ), x'bx) [x', b, x] - <f>(x) 



b* b *~g(b) 

where the left arrow is an isomorphism of groupoid extensions, while the right arrow is a 
strict homomorphism of groupoid extensions. 

This concludes the proof of the proposition. □ 
Now we are ready to prove Proposition 12.51 



Proof. | =4> | As in the proof of Lemma l2~9l M' <— Bf M is indeed a <p' m — 0,-bitorsor. 
Thus the conclusion follows from Proposition 12.101 

I <= I Note that since M' 4- B A M is a bitorsor, the right arrow in diagram (|7|) is indeed 
Morita morphism. □ 



2.4 The outer action 

Let G and H be any Lie groups. We define lso(G, H) as the set of group isomorphisms 
G <— H. Let Adh € Aut(-ET) denote the conjugation by h G H . The map 

lso(G,H) x H -> lso(G,H) : (f,h) ^ /»Ad ft 

defines an action of H on Iso(G, H). The quotient of this action is Out(G, H) consisting of 
outer isomorphisms from H to G. Since, for all / 6 Aut(G) and g 6 G, fa Ad g = Adj^ of, 
the set Out(G, G) is a Lie group which will be denoted by Out(G). 

For any group bundle Q — > M, let lso(G,Q) = U m neM I so (i?ro> On), where Q m stands for 
the group fiber of Q at the point m. Similarly, OvX(Q,Q) = ]Jm,neM Out(£ m , On)- 

The following proposition is obvious. 

Proposition 2.12. 1. The maps s : Iso(£, Q) -> M : (Q m + Qn) i— >• m, t : lso(Q, Q) — ► 
M : (Q m <— Q n ) \-* n and m : lso(Q,Q) x t ,M,s^o(Q,Q) —> Iso(Q, Q) : (Q m <— 

Qn,Qn Qp) l— ► (Q\m Q\p) endow lso(Q,Q) =t M with a groupoid structure. 

t 
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2. These maps descend to the quotient Out(£/, Q), yielding a groupoid OvX{Q,Q) M. 

3. The quotient map Iso(</, Q) — > Out(Q,Q) is a groupoid morphism. 

Definition 2.13. Let T\ zz£ M be a Lie groupoid and Q —> M a bundle of Lie groups over 
the same base. 

1. An action by isomorphisms of Y\ =4 M on Q — » M is a Lie groupoid morphism 



M M 

2. An action by outer isomorphisms of Y\ ^ M on Q — > M is a Lie groupoid morphism 

v 1 — *out(g,0) . 



M M 

Proposition 2.14. Let X\ — > Yi =J M be a Lie groupoid extension with kernel /C. Then, 
1. the groupoid Xi ^ M acts on K, — > M by conjugation. I.e. 

Xi — ^Iso(/C,/C) (8) 



M M 
given by Ad : x — > Ad x ,Vx € X\ is a groupoid morphism; 
2. the composition of the groupoid morphism (EJj with the quotient morphism 

1bq(1C,K)— ^Out(/C,£) 



M= M 

factorizes through 4> '■ 



X! 




Y 1 :±_Out(£,/C), 

Ad 

yielding an action by outer isomorphisms Ad ofY\ =4 M on K, — > M, which is called 
the outer action. 

Remark 2.15. Let Y\ z4 M be a Lie groupoid and Xi — » Yi a surjective submersion. 

Assume mi and m2 are two groupoid multiplications on X\ making X\ Y\ M into 
an extension of the groupoid Yi ^4 M in two different ways. Then the outer actions Adi 
and Ad2 induced by the two groupoid structures on X% are equal. 
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3 Differentiable G-gerbes as groupoid G-extensions 



3.1 Groupoid G-extensions 

Let G be a fixed Lie group. 

Definition 3.1. A Lie groupoid extension X\ — » Y\ =X M is called a G-extension if its 

kernel JC — > M is a locally trivial bundle of groups with fibers isomorphic to G. 

It is simple to see that this notion is invariant under Morita equivalence. Namely, any 
groupoid extension Morita equivalent to a groupoid G-extension must be a groupoid G- 
extension itself. 

The following proposition shows that any G-extension admits a Morita equivalent G- 
extension whose kernel is a trivial bundle of groups. 

Proposition 3.2. Let X\ Y\ =$ M be a groupoid extension. Then is a G-extension 
if and only if there is an open covering {Ui} ieI of M such that the kernel of the pullback 

extension Xi[\J U{] Y±[\J Ui] =4 YL Ui via the covering map YLiel V% —* M is isomorphic 
to the trivial bundle of groups YLiel Ui x G. 

Proof. Let JC denote the kernel of cj>. Since <p is a G-extension, there exists an open cover 
{Ui} ieI of M such that the pullback K! of K — > M to YLiel ^ 1S isomorphic to the trivial 
bundle YLiel x G — > YLiel ^i- To conclude, it suffices to notice that K! is the kernel of 

the pullback extension X x []J Ui] ^ Y x []J Ui]^YL u i- n 

Finally we say that an extension is a trivial G-extension if it is isomorphic to the 
extension Y\ X G — ► Y\ =4 M, where Y\ X G is equipped with the product groupoid 
structure. 



3.2 Band of a groupoid G-extension 

Now we introduce an important notion for a groupoid G-extension, namely, the band. It 
corresponds to the band of a G-gerbe in terms of stack language. First of all, let us recall 
the definition of G-torsors (also known as G-principal bundles) over a groupoid |35| . 

Definition 3.3. Let Y\ ^ Tq be a Lie groupoid and G a Lie group. A G-torsor, or G- 
principal bundle over T, consists of a right principal G-bundle P — > Tq endowed with 
a left action of F% =4 To on P with momentum map J such that the actions of G and T m 
on P commute. 

Let X% —*■ Yx M be a Lie groupoid G-extension with kernel /C. Let Iso(/C, G) (resp. 
Out(/C,G)) be the group bundle U mgM Iso(/C m , G) (resp. ]J meM Out(/C m , G)) and J 
(resp. J) the canonical projection of Iso(/C, G) (resp. Out(/C,G)) onto M. First note that 

Iso(/C, G)iM (resp. Out(/C, G) i M) is a right principal Aut(G)-bundle (resp. Out(G)- 
bundle) . 
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On the other hand, Iso(/C, G) M (resp. Out(/C, G) — > M) admits a natural left action 
of the groupoid Iso(/C, /C) =4 M (resp. Out(/C,/C) =i M). Moreover, these two actions 

commute. Hence Iso(/C, G) i M (resp. Out(/C, G) — > M) is an Aut(G)-torsor (resp. 
Out(G)-torsor) over Iso(/C, /C) =4 M (resp. Out(/C,/C) =4 M). According to Proposition 
12.141 there is a groupoid morphism Ad : X. — > Iso(/C,/C). (resp. Ad : Y. — > Out(/C, /C).). 

Therefore, one may pull-back the Out(G)-torsor Out(/C, G) A M over Out(/C, /C) z4 to 
an Out(G)-torsor over Y, via Ad : Y, — » Out(/C, /C).. More precisely, one defines the left 

Y.-action on Out(/C, G) i M by 



yf = Ad(y)of, V/eOut(/C,G)| t 



(9) 



Definition 3.4. Le£ Ai — » Yi =4 M be a Lie groupoid G-extension with kernel K. Then 



Out(/C,G) 
extension c 



M , considered as an Out(G)-torsor over Y m , is called the band of the G- 



It is well-known that for a given Lie group G there is a bijection between G-torsors over 
a pair of Morita equivalent groupoids. They are called Morita equivalent G-torsors. The 
following proposition shows that bands are preserved under Morita morphisms, thus also 
by Morita equivalences in the above sense. 

Proposition 3.5. Let f be a Morita morphism of Lie groupoid extensions from X[ -A 

Y{ M' to X\ — » Y\ M . Let Kl and K. denote the kernels of 4>' and (f) respectively. If 
4> and (j)' are groupoid G-extensions, the band of eft' : 



Y{ Out(/C',G) 




M' 

is isomorphic to the pullback of the band of 4>: 

Yi v Out(/C, G) 




via M' A M. 



Proof. First, we observe that JC' is isomorphic to the pullback bundle M' x m and / 

restricts to a bundle map K! JC, which is a fiberwise group isomorphism. Therefore, the 
torsor 

Out(/C',/C') Out(/C',G) 
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is isomorphic to the pullback of the torsor 

Out(/C,/C) Out(/C,G) 




via M' Um. Let 



Y{ ^- d Out(/C', K!) and Y x ^- d Out(/C, K) 



M'- 



M' 



M 



M 



be the outer actions of 4>' and (j) respectively. The morphism / induces a Morita morphism 

Out(/C', JC') Out(/C, K) 



M' 



M 



such that the diagram 



Y[ * d Out (£',£') 



Yy =*LOut(/C, £) 

Ad 



commutes. This completes the proof 



□ 



Remark 3.6. In terms of stack and gerbe language, the band of a G-gerbe over a stack is 
an Out(G)-torsor over this stack |26j. 



3.3 G-bound gerbes and groupoid central extensions 

This subsection is devoted to the study of an important class of G-gerbes, namely, G-bound 
gerbes. These correspond to groupoid central extensions. 

Recall that when G is abelian, a groupoid G-central extension is a groupoid extension 
X\—*Y\=XM such that M x G ~ ker 0, (m, g) i— > g m £ ker 0[ m and 



^ ' 5t(x) = 9s(x) 



■ X. 



Example 3.7. Consider the particular case of S^-extensions. In this case, X\ — > Y\ =4 M 
is an 5 1 -central extension if and only if there exists a trivialization of the kernel 



such that 



MxS'-t ker <fi : (m, 5) i-> # m 



(10) 
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In other words, X\ — > Y\ is an S -principal bundle such that 

(51^1) • (52^2) = (9192) ■ {xix 2 ), Vgi,g2 e S 1 , (x 1 ,x 2 ) e X 2 . 

See [56J for details. Gerbes represented by if? -central extensions are called S 1 -bound 
gerbeio 

However, when G is non-abelian, the situation is more subtle. First of all, we need to 
introduce the following 

Definition 3.8. Let Xi — » Y\ =4 M be a groupoid G-extension with kernel JC —> M . Its 
band Out(/C,G) — > M is said to be trivial (as a Y.-torsor) if there exists a section fj of 
Out(/C,G) — > M invariant under the Y.-action: 

yfj(t(y)) = fj(s(y)), Vy G Y\. (11) 

Such a section is called a trivialization of the band. 

Proposition 3.9. If Xi —> Y\ =4 M and X[ — > Y[ ^4 M' are Morita equivalent groupoid 
extensions, then the band of the first one is trivial if, and only if, the band of the second 
one is trivial. 

Proof. As in Proposition 13.51 we can restrict ourselves to the case that there is a Morita 

morphism of groupoid extensions from X[ — > Y{ ^ M' to X\ — > Y\ =X M . Since 
K! ~ M' x m /C, there is a natural 1-1 correspondence between the Y.-invariant sections of 

Out(/C, G) and the Y.'-invariant sections of Out(/C',G). Hence X[ — > Y[ =$ M' has trivial 

band if, and only if, X\^*Y\=X M has trivial band. □ 

Any section r\ of Iso(/C, G) — > M is called a trivialization of the kernel. For it defines 
a map M x G — > JC : (m, g) 1— > g m := r] m (g), which is an isomorphism of bundles of groups 
over M. i.e. r] m (gh) = r] m (g)r] m (h) . 

The following proposition indicates that when the band is trivial, a trivialization of the 
kernel always exists when passing to a Morita equivalent extension. 

Proposition 3.10. Let X\ Y\ =4 M be a groupoid G-extension with kernel K, — > M 

whose band is trivial. Then there exists a Morita equivalent groupoid G-extension X[ 
Y[ ^ M' with kernel JC' — > M' together with a section rj ofJso(lC',G) — > M' such that its 
induced section fj 1 0/ Out(/C', G) — > M' is invariant under the Y' t -action. 

Proof. Choose a trivialization f] of the band Out(/C, G) — > M of 0. Take a good open 

covering {Ui} i€l of M and consider the pullback extension Ai[]J Ui\ Y±\]] Ui] z4 TJ C/j 
of by the projection \J i€ jUi — ► M. Let us call the y.[]J [/^-invariant section of 
Out(X7,G) — > JJ C/j associated to f\ as in Proposition 13.91 above. Since the fTj's are con- 
tractible, 77' can be lifted to a section ?/ of Iso(/C', G) — > \J Ui. □ 

1 In 0E] they are called S' 1 -gerbes for simplicity. When Y. is Morita equivalent to a manifold, they are 
called bundle gerbes by Hitchin [28J and Murray [42 j. 
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The following proposition can be verified directly. 



Proposition 3.11. Let H be a subgroup of Z(G). Assume that X\ — > Y\ 
H-central extension. Let 

Xi x G 



M is an 



H 



where H acts on X\ x G diagonally: (x,g) ■ h = (xh t ( x ^h~ l g), V7i G H. Then X\ — * 
Yi z4 M is a G-extension endowed with a trivialization of its kernel, called the induced 
G-extension. 

We are now ready to state the main result of this subsection. 

Theorem 3.12. Let X\ Y\ =t M be a groupoid G-extension with kernel K, — ► M , and 
let rj be a trivialization of the kernel. The following assertions are equivalent. 

1. The section fj of Out(/C, G) — > M induced by the trivialization of the kernel 7] : M — > 
Iso(/C, G) is a trivialization of the band. 



2. There exists a groupoid morphism 



X x 



M ■ 



• G/Z{G) 



with kernel Z(fC) such that 

x ' 9t(x) = (Ad r (x)9)s(x) ■ x, Vx G Xi, Vg G G, 
where Ad denotes the canonical isomorphism from G/Z(G) to Inn(G): 

Ad [gl] (g)=g'g(gT\ V M 'eG. 

3. There exists a global section a of the induced morphism Xi/Z(JC) — > Y\ such that, 
for any local lift a : Y\ — > X\ of a , 

°(v) ■ 9t( y ) = 9s( y ) ■ &(y), Vy G Yi, V5 G G. 
Moreover, a is a groupoid morphism. 

4- The extension X± — ► Y\ z4 M is isomorphic to the induced G-extension — > 



Y\^> M of a Z(G)-central extension X\ —*Y\=X M . 



When any of the conditions above is satisfied, the groupoid G-extension is called central, 
differentiable gerbes represented by G-central extensions are called G-bound gerbes. 



Proof. 1=^2 It is well known that the group morphism Ad : G — ► Inn(G) : g 1— > Ad 5 
factorizes through G/Z(G): 

G. 

Ad 



G/Z(G) 



Ad 



■Inn(G), 
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and Ad : G/Z(G) — ► Inn(G) is an isomorphism. 

For any x G Xi, it is clear that r/~^o Ad^, o7/ t ( a .) is an automorphism of G. According to 
Eq. ([TO . it must be an inner automorphism, and therefore corresponds to an element in 
G/Z(G), which is defined to be r(x). Here we used the fact that Ad : Inn(G) — > G/Z(G) 
is an isomorphism. Thus we have 

Ad,. oTfyj,.) = ris(x)°Ad r{x) (12) 

or 



z • 9t(x) = (Ad r (x)9)s{x) -x, Vx e Xi, Vg e G. (13) 
From its definition, it is simple to see that 

Xi * G/Z(G) 



M 



is indeed a Lie groupoid morphism. 



2=^>3 Since the groupoid morphism Ad has kernel Z(JC), it factorizes through X\/Z(K): 

Xi 



Ad 



X X /Z{K) -^Iso(/C,/C) 



Also the trivialization of the kernel r\ : M — ► Iso(/C, G) induces a unique section 77 of 
Iso (K/Z(K), G/Z{G)) -f M making the dia gram 



'/m 



G 



G/Z{G) 



commutes. It thus follows that ry m o Ad g = Ad^^) or\ m = Adr ^]o7/ m . Hence 

r/m°Ad[ s ] = Ad [gjcr/m, (14) 

where [g] denotes the class of an element q G Xi (resp. G) in X\/Z(JC) (resp. G/Z{G)). 
Using Eq. ((HJ), the formula (H2|) becomes Adj °Tit{x) — ^8(i)° A4r (a)- Hence Ad^joTy^^) — 
Ad,, ( r ( x ))o?7s(x)- Therefore 



s(x) 

Ad^ ,((r(aO)-Ha;]) or 7t(a:) = Vs(x)- 

For any y G Y\, take x G Xl any element such that ^(x) = y. Set 



(15) 
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It is easy to see that a defines a section of X\/Z{K) — » Yi. Then Eq. ff]~5|) becomes 

Ad^^x))^^) =Vs(x)> yxeXi. (16) 

Therefore, for any local lift a : Y\ — > jfi of cr, we have 

A d 5 (^ (a ,)) o7/t( x ) = Vs(x), Va;GXi, (17) 

or, equivalently, 

<5"0(») • 0t(a;) = 9s(x) ' ^OK^ Vx€X!,geG. (18) 

I.e. 

• 3t(j/) = 0s(y) • cr(y)> Vy GFi^S G. (19) 
Moreover, Eq. (Hi implies that V(s, y) G X 2 , ^"Ad^^^^j.!),^^^)) »%(„) = id- 
Hence, 

C T((0(xy))- 1 ) C T(0(x))a(0(y)) = 1 in Xi/Z(£), 
since Ad is injective. It thus follows that a is a groupoid morphism. 



3=^4 Take X\ = it 1 (cr(Yi)), where 7r denotes the projection X\ — > X\jZ(K). Since a 



is a Lie groupoid morphism, it is simple to see that X\ =4 M is a Lie subgroupoid of 
X\ zz| M and Xi — > Yi M is a groupoid Z(G)-extension. The trivialization of the 
kernel rj m : G — > /C m , when being restricted to the center Z(G), induces a trivialization of 
the kernel ry m : Z(G) Z{K) m of the Z(G)-extension X x Y x z4 M. Moreover, Eq. ffTf^ 
implies that 

Ad x °%(x) = Vxeli. (20) 

It thus follows that X\ — ► Y\ =t M is a Z(G)-central extension. Consider the map 

r:IixG^Ii:(i,(/)Mi. y t( -). 
From Eq. (fT9]l . it follows that r is a groupoid morphism. According to Eq. (fl"6j) . we have 

It thus follows that x = a((f)(x))-r] t ,Jr(x))-k for some k G Z{K). Hence r is surjective. And 

its kernel {{z m , z~ 1 )\z G is isomorphic to Z(G). Therefore X. — > Y. is isomorphic 

to the induced G-extension — > Yi z4 M, 



4=>1 For any cc = [(£,<?)] G , it follows from a simple computation that 

%{x)° Ad x°Vt(x) = Ad 9 . 
The conclusion thus follows. □ 



As an immediate consequence, Morita equivalent classes of G-extensions with trivial band 
are in one-one correspondence with Morita equivalent classes of Z(G)-central extensions. 
The latter is classified by H 2 (Y., Z{G)). Thus we have recovered the following result of 
Giraud [26] in the context of differential geometry. 

Theorem 3.13. Morita equivalent classes of G- extensions with trivial band (i.e. G-bound 
gerbes) over the groupoid Y\^,M are in one-one correspondence with H 2 (Y., Z(G)) . 
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3.4 G-gerbes over manifolds 



In this subsection, we study G-gerbes over a manifold. This corresponds to a G-extension 
over a groupoid which is Morita equivalent to a manifold, i.e. a groupoid of the form 
M x 7v M M for a surjective submersion M — > N (see also [46]). When {Ui} i&1 is an 
open covering of N and M is the disjoint union ]J i Ui with the covering map \] Li Ui — > N, the 
resulting groupoid Mx jyM =4 M, which is easily seen to be isomorphic to ]J i ■ C/jj =4 LL; C/j, 
is called the Cech groupoid associated to an open covering {Ui} i£l of the manifold N. 

Let {Ui} ieI be a good open covering of N, namely all U{ and their finite intersections are 
contractible. We form its Cech groupoid Y. : f/jj ^ TJ i ?7j, and consider a G-extension 

JC. — ► X. — »■ Y.. A point x in iV will be denoted by Xj when considered as a point in f/< 
and by x^- when considered as a point in Uij, etc. The source, target and multiplication 
maps of Y m are given, respectively, by 

s(Xjj') — Xj, t(Xjj) — Xj, Xij • Xjfc — Xj/j. 

Since Ui is contractible for all i G J, we can identify /C with the trivial bundle of groups 
/C ~ ]Jj f/j x G. Since Uij is contractible for all i,j G /, there exists a global section p 

(which does not need to be a groupoid morphism) of X\ — > Y\ such that 

p(xu) = e(xi), Vi G J, and /o(xji) = (p(xy)) , Vi, j G I 
where e : M — > Xi is the unit map. 

We identify any element x G Xi with a pair x^ = (p(x) G Y\ and g G /C x . such that 
p( x ij) ■ g = x. In other words, we identify X\ with JJ^ • Uij x G in such a way that the 
multiplication of elements in Xi by elements of /C ~ ]J, Ui x G from the right coincides 
with the multiplication from the right on the group G, i.e. 

(xij,g) ■ (xj,h) = (xij,gh), Vg,h£G. (21) 

First, we define G°°(G, G)-valued functions Xy on the 2-intersections Uij by comparing the 
right and the left actions of the group bundle K, — > YLi Ui- Indeed for any i,j G /, x^ G Uij 
and g G G, there is a unique element Kj(^ij){9) £ G such that 

(x i: ,-,l) • (xj,g) = (x i ,Xi j (x ij )(g)) • (xy,l). (22) 

Note that g — > Ay(xy)(<?) is a smooth diffeomorphism by construction. 
Second, we define G-valued functions on the 3-intersections U^j. by 

(Xjj, 1) • (Xj/j, 1) — (xjfc, gijk(%ijk)) • 

These functions measure the default of p from being a groupoid homomorphism. In the 
sequel, the reference to the point x where Xij and g^k are evaluated will be omitted. 

The data (Xij, gijk) determine completely the multiplication on the groupoid X\ =z} TJ i Ui. 
More precisely, one has 

(xij,g){xjk,h) = {x ik ,gijkX~ k l {g)h), Vg,heG. (23) 
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The associativity of the groupoid multiplication defined on X\ imposes the following rela- 
tions on the functions Ay and gijk' 

Mj(gh) = Xi^Xijih), Vg, h€G; (24) 
Xij°\jk = Ad gijfc oAj^; (25) 
dijWjki = gikiX^igijk)', (26) 

which are immediate consequences of the following identities, reflecting the associativity 
of the groupoid product: 

((x ij ,l)(x j ,g))(x j ,h) = (x ij ,l)((x j ,g)(x j ,h)) 
((x i ,g)(x ij ,l))(x jk , 1) = (xi,g)((xij, l){x jk ,l)) 
((xy, l)(x jk , 1)) {xkh 1) = (xij, !){{%jhi l)(x k i, 1)) • 

Eq. (|24"1) means that Ay is an Aut(G)-valued function on £7y. Alternatively, one may write 
Eq. ((22|) as 

Ad^i)^-,^) = (x^Xijixij)^)). 

From the fact that Ad^.^) is a group isomorphism from JC X . to K Xi , it follows immediately 
that Ay is an Aut(G)-valued function. 

Conversely, if we are given some Ay : f/y — > Aut(G), gyfc : Uij k — > G satisfying Eqs. (l2ol) 
and (f26]l . then the product defined in Eq. (f23]l defines a groupoid structure on Xi =| 
Ily Uij, which makes X. — » Y. into a groupoid G-extension. 

The above discussion can be summarized by the following 

Proposition 3.14. Assume that {Ui} ieI is a good open covering of a manifold N. Then 
there is a one-one correspondence between G-extensions of the Cech groupoid • Uij =| 
]Jj Ui and the data (Xij,gijk), where Xij : Uij — ► Aut(G) and gij k : Uij k — ► G satisfy 
Eqs. (E31) (EHJ). 

The data {Xij, gijk) is called a non abelian 2-cocycle, which coincides with the one in 

PHE21I35]. 

Remark 3.15. Non abelian 2-cocycles have recently appeared in many places in deformation 
quantization theory. See pi IT71 l30l [3T1 l32l l33l I2T1 \M l59l IBP]. 

Now let us consider the band of this G-extension. According to Definition 13.41 the band is 
an Out(G)-torsor over the Cech groupoid Y. : JJy C/y i4 ]Jj C/ij which is Morita equivalent 
to the manifold N. Thus the band is a principal Out(G)-bundle over the manifold N. To 
describe it more explicitly, by Ay we denote the composition of Ay : f7y — > Aut(G) with 
the projection Aut(G) -> Out(G). Then Eq. (J25J) implies that 

X.ij°Xj k °X ki = 1. 

In other words, Ay- : fJy — > Out(G) is a Cech 2-cocycle, which defines an Out(G)-principal 
bundle over N. This is exactly the band of the G-extension. 

Proposition 3.16. Let {Ui} ieI be a good open covering of a manifold N . 
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1. A G-extension X\ — » Jjy C/y ]J i Ui of the Cech groupoid ]Jy f/y =3 JJ^ C/j has a 
trivial band if and only if there exists a trivialization of the kernel /C ~ UxG and 

a section p of Xi — > JJy C/y smc/i i/ia£ i/ie associated data (Mj,9ijk) satisfies Ay = id 
and Gfy-fc) eZ 2 (A,Z(G)). 

5. Moreover, if (gijk) is a coboundary, then the section p can be modified so that Ay = id 
and gjjfc = 1. That is, the G-extension is isomorphic to the trivial G-extension. 

Proof. 1. Let fj € T(Out(/C, G) — > ]J U) be a trivialization of the band. Since the Ui's 
are contractible, fj can be lifted to a section n of Iso(/C,G) — > ]JC/j. This gives the 
desired trivialization of the kernel. According to Theorem 13.121 since the band of 
the G-extension is trivial, and all f/y's are contractible, there exists a section p of 

X\ \J Uij such that 

p(xij) ■ g Xj = g Xi ■ p{xij) (27) 
p{xu) = 1 
p(xji) = pixijY 1 

for all Xij € Uj and g € G. Now, we identify Xi with ]J C/y x G through 

J J f/y x G -> Ai : h-> p(zy) • 5^.. 

Then Eq. (|27|) becomes (xy, g) = (xi,g)(xij, 1). Hence Ay = id. From (xy, 

(xik,9ijk), it follows that p(x k i)p(xij)p(xj k ) = g ijk . By Eq. J27|, we have #yfc G Z(G). 

2. Assume that (gijk) is a coboundary: p(xki)p(xij)p(xjk) = gijk = hj^h^Lhij, where 
hij : Uij — > Z(G). Using Eq. ([27l) . this can be rewritten as p(xki)h~ k l ■ p(xij)h^ 1 ■ 
p(xjk)h~^ = 1. Define a new section p' : ]j£7y — > Ai : xy i— > p(xij)h^ 1 . It is 
easy to check that in the associated identification of Ai with ]J f7y x G, one has 
^ = ^i^dfor. 1 = 1 and 9'ijk = p'(x k i)p'(xij)p'(x jk ) = 1. 

□ 

As an immediate consequence, we see that a G-extension with trivial band over the Cech 
groupoid of a good cover is completely determined by a Cech 2-cocycle in Z 2 (N, Z(G)) . 
Therefore we have derived the following result of Giraud [26J by a direct argument. 

Corollary 3.17. Isomorphism classes of G-bound gerbes over a manifold N are in one-one 
correspondence with H 2 (N, Z(G)). 

Proposition 3.18. Any groupoid G-extension of the Cech groupoid associated to a good 
open covering of a contractible manifold is isomorphic to the trivial G-extension. 

Proof. Let N be a contractible manifold, (Ui) a good covering of A, and X\ — > ]J t/y 
Jj Ui a groupoid G-extension of the associated Cech groupoid. Its band must be trivial, 
since any principal bundle over a contractible manifold is trivial. According to Propo- 
sition 13.161 the multiplication on X\ is entirely determined by the 2-cocycle (gijk) in 
Z 2 (N,Z(G)). Since the manifold A is contractible and (Ui) is a good covering, (gijk) 
must be a 2-coboundary, which implies that Xi — ► ]J C/y \J Ui is isomorphic to the 
trivial G-extension. □ 
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By a refinement of a G-extension X% — > ]Jj C/jj =4 Uj J7j of a Cech groupoid, we mean 
the pull-back of this G-extension through a refinement of the covering (Uj)j^j of N. 

As an immediate consequence of Proposition 13.181 we have the following 

Corollary 3.19. Any groupoid G-extension of a Cech groupoid over a contractible manifold 
N has a refinement which is isomorphic to a trivial G-extension. 

4 Connections on groupoid extensions 
4.1 Connections as horizontal distributions 

Recall that a horizontal distribution on a fiber bundle X Y is an assignment to each 
point x G X of a subspace H x of T X X transversal to the fiber of <j> containing x. 

Recall also that, to any Lie groupoid T\ ^ Tq, one can associate its tangent Lie groupoid 
TTi =4 TTq whose structure maps are the differentials of those of T. [39]. More precisely, 
if s : Ti — > To, t : Ti — > Tq and m : T2 — ► Ti denote the source, target and multiplication 
maps of T., then s* : TTi — > TTo and t* : TTi — » TTo are respectively the source 
and target maps of (TV),, and the multiplication map TTi Xt ti r 0)S , ITj — > TTi is the 
composition of the canonical isomorphism TFi Xt t) r ,s* TTi ~ T(Ti Xt,r ,s Fi) with the 
differential of m : Ti x t r , s Ii — > Ti. 

Definition 4.1. ^4 connection on a Lie groupoid extension X\ ^Y\ ^ M is a horizontal 

distribution H on X\ — > Yi which is also a Lie subgroupoid of the tangent groupoid TX\ z4 
TM. i.e. we /mwe 

Sri • H X2 C ^1x2 /or all (21,22) G X 2 (28) 
H x l C ^-1 /or a// x € X x . (29) 

Lemma 4.2. i. The distribution H contains the entire unit space TM of X\. 

8, H Xl ' H X2 — H Xl . X2 

3- [HxY 1 = H x -i 

Proof. 1. Since H is a Lie subgroupoid of TX\ z4 FA/, it contains its unit space, which 
is s*H. On the other hand, we have s^H = s*<fi*H = s*TYi = TM. The conclusion 
follows. 

2. Since T t ^M C H x -i ■ H x and C H x -i, we have 

Hx\-X2 = H Xl . X2 ■ T^ X2 ^M C H Xl . X2 ■ H X2 -i ■ H X2 C H Xl • Hx2- 

3. Substituting 2 -1 for 2 in Eq. (|29j) . one gets fT~_i C -£f x .. Thus, fl^-i C H^ 1 . 

□ 
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As before, let K, be the kernel of X. — ► Y.. Then K, — ► M is a group bundle, which is also 
a Lie subgroupoid of X.. Set 

H K = TIC n H. (30) 

Since ker (</>*) C Tfc/C for any G /C, i?*" defines a connection for the bundle K, — ► M, 
which is also a groupoid extension connection when /C — > M is considered as a groupoid 
extension K, — > M M. Since this groupoid extension is simply a bundle of groups, 
is a group bundle connection that we call the induced connection on the bundle of 
groups K — > M. 

Let .8 — > M denote the Lie algebra bundle associated to the group bundle K, — > M. Let 
exp : .8 — > /C denote the pointwise exponential map. The connection iJ on the group 

bundle /C M induces a connection on the Lie algebra bundle 8. — > M that we call the 
induced horizontal distribution if* on the bundle of Lie algebras ^ — > M defined 
as follows: w G is horizontal if exp^, v G il , This connection is compatible with the 
Lie algebra bundle structure, i.e. it is given by a covariant derivative on the vector bundle 
& — » M and satisfies Proposition 14.211 (4). 

4.2 Horizontal paths for groupoid extension connections 

It is natural to ask what is the geometrical meaning of a connection on a groupoid extension. 
This subsection is aimed to answer this question. 

Recall that, given an horizontal distribution on a fiber bundle, a path is said to be hor- 
izontal if it is tangent to the horizontal distribution. Also recall that, given a groupoid, 
two paths r i— > 7i (t) j 7" i ► 72(7") on the space of arrows are said to be compatible if, and 
only if, 71 (t), 72(7-) are composable for all values of r. The product of these paths is the 
path r — * 71 (r) • 72 (t). 

The following proposition gives an alternative definition of Lie groupoid extension connec- 
tion. 

Proposition 4.3. Let X\ Y\ =$ M be a Lie groupoid extension. An horizontal distri- 
bution on X\ — > Y\ is a groupoid extension connection if and only if the product of any 
pair of horizontal composable paths in X\ is still a horizontal path, and the inverse of any 
horizontal path is still a horizontal path. 

Here is yet another alternative description of groupoid extension connections. 

For any manifold N, denote N 1 the set of smooth paths from [0, 1] to N. If Ti =4 Tq is a 
groupoid, then T[ z4 Tq inherits a groupoid structure with the source map 7 1— > S07, the 
target map 7 1— > to7, and the product r 1— > 71 (r) • 72(7"), for any composable 71,72 G T[. 
We call this groupoid the path groupoid. Proposition 14.31 can be reinterpreted as follows: 
a horizontal distribution is a groupoid extension connection if, and only if, the horizontal 
paths form a subgroupoid of the path groupoid X[ =4 M 1 . 

Recall that an Ehresmann connection on a fiber bundle X —> Y is a horizontal distri- 
bution satisfying the following technical assumption: any path on Y starting from y G Y 
has a unique horizontal lift on X starting from a given point x in the fiber of X over y. 
This additional assumption is required to avoid horizontal lifts going to infinity in a finite 
time. 
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Let 7 be a path in Y\. The parallel transport r t 7 along 7 is a transformation satisfying the 
following properties: 



for any x G X\ with 4>{x) = 7(5), the relation <P(t^(x)) = j(s + 1) holds; 



• the path 1 1— > ' (x) is horizontal. 
Proposition 4.4. Groupoid extension connections are Ehresmann connections. 

Proof. Let X± Yi =$ M be a groupoid extension endowed with a groupoid extension 
connection. Let us fix a path 7 : 1 1— ► 7 t in Yi defined on an open interval / of M containing 
[0, 1]. For each x G X\ in the fiber over 70, we will denote by 7^ : i — > 7f the path (if any) 
in X\, which passes through x and lifts 7 horizontally. 



Step 1 Given a point b in <\> 1 (7o), we will show that there exists a positive real number 
e such that, for all points x in the same connected component as b in _1 (7o), the path j x 
is defined for t € (— e,e). 

Indeed, since the solutions of ODE's depend smoothly on the parameters, there exists a 
connected neighborhood U of b in its fiber ^ _1 (7o) and a positive real number e such that, 
for all u €U, the horizontal lift 7 n is defined for all t € (— e,e). 

For each u€U, define the path S b ~ l u € C°°((-e, e),K) by 5 J f 1 -' a = (rfy 1 ■ (7?). Since the 
horizontal distribution on X\ is compatible with the groupoid multiplication, the paths 
5 b ' u with u G J7 as well as all products of such paths in the groupoid C°°((— e, e), X±) 
are horizontal. 

Observe that {5q 1 ' u \u G C/} is the neighborhood L b -iU of the identity in the Lie group 
/C t ( x ). Now, taking any element re in the same connected component of _1 (7o) as b, the 
product 6 _1 • x lies in the connected component of the Lie group 1C^i x \ containing its unit 

element. Hence 6 _1 • x can be written as a finite product k\ ■ ki k n of elements in the 

neighborhood L b -iU. 

Therefore, the horizontal lift 7 X is defined for all t £ (— e, e) because 



Step 2 We show that for any point x in the connected component of b in the fiber (j) 1 (7o), 
the path 7^ is defined for all t G [0, 1] . 

By the first step, it is clear that there exists an open covering 

|J {(s + t,T?(u))\te (-eu,eu), ue U} 
sei, u&Cs 

oil 

x 7,yi,(?> -^l) where C s denotes the set of connected components of the fiber (p 1 (7s)> £u 
depends on U and r denotes the parallel transport. Any connected component of I x 7i y 1 ^ 
X\ is thus a union of such open sets. Any horizontal lift of 7 does entirely lie in such a 
connected component. Consider the connected component B of I x 7j y li( ^ X\ containing b. 
Since the parallel transport maps fibers homeomorphicaily, it does preserve the connected 
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components of the fibers. Hence the intersection of B with any fiber must be a connected 
component of this fiber. It is thus clear that 

B = \J{(s + t, T?(u))\t 6 (-£„£,), u e B n 0- X (7(s))} , 
sei 

where e s does now only depend on s. 

Since U s g/( s ~ £ s,s + e s ) is an open covering of the compact interval [0, 1], there exists a 
finite subcovering Ui=o,- ,n( s i ~ £ Si,Si + £ a J of [0, 1] with = s < si < s 2 < ■ ■ ■ < s n = 1 
and (sj_i - e Si _ 1 ,s i -i +e Si _i) n (s, - £ Si ,Si + £ Si ) / 0. Let t = 0, i n+ i = 1 and choose n 
real numbers t\, ■ ■ ■ ,t n such that U G (sj_i - Eg^, + e Si _ 1 ) fl (s» - e s ., Si + £ S J. Then, 
for any x in the same connected component of (/>~ 1 (7o) as 5, the path recursively defined 

by = for ti < t < ti + i is the horizontal lift of 7 through x. Modifying the choice 

of the point b and the path 7 in the two steps above, the conclusion follows. □ 

The following result is an immediate consequence of Proposition 14.31 applied to H , 

Corollary 4.5. Let H be the induced connection on the group bundle K. — > M . Then the 
parallel transport in K, — » M preserves the group structure on the fibers. 

Since the horizontal distribution on fC is the image of the horizontal distribution on & 
under the differential of the exponential map, we have the following lemma. 



Lemma 4.6. The following diagram 



£7(0) — ^^(t) (31) 



exp 



exp 



£7(0) ^ ^7(t) 

commutes, where r 4 7 stands, with an abuse of notation, for both the parallel transportation 
in K, and & over some path 7 in M. 

The following proposition shows that any groupoid extension of a connected Lie groupoid 
that admits a connection must be a groupoid G-extension for some fixed Lie group G. 

Proposition 4.7. Let X\ — > Y\ M be a Lie groupoid extension with kernel IC. Assume 
that the orbit space MjY\ is path connected. If there exists a groupoid extension connection, 
then 

1. the groups K m , m £ M, are all isomorphic; 

2. 4> is a Lie groupoid G-extension for a fixed Lie group G. 

Proof. 1. Since M/X\ is path connected, any two points m,n € M can be connected by 
a family of points {m;} i=1 t such that any two consecutive elements in the family 
are either on the same connected component of M, or are the source and target of 
some element in X\. 

For any pair of points m and n in the same connected component of M, an isomor- 
phism tC m ~ K, n can be constructed by taking the parallel transport over a path 
joining m and n. And \i x £ X\, the conjugation by x induces an automorphism 
^s(x) — K-t{x)- 
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2. Choose a Riemannian metric on M and take an open covering of M by contractible 
open normal neighborhoods {Ui} ieI . Then hi : £/j x [0,1] — > C/j : (exp u . £,t) i— > 
exp u . ££, where £ is in a small neighborhood of zero in T Ui Ui, is a smooth deformation 
retraction of t/j onto a fixed point Ui. Consider the pullback -X"i[]J Ui] — > ^lfU £7i] ^ 
fj f7j of Xi — *■ Yi M. Its kernel is Uj g j J7j x« /C. As each Ui Xm can be locally 
identified to f/j x /C Uj using parallel transport along the paths t i— » hj(m, t), m 6 [/;, 
as above, it follows that ]j ig j f/jXM^C can be identified with JJ ig/ UiX G for a fixed 
Lie group G. Hence -Xiflj — > Yi[]J C/j] =4 ]J Ui is a Lie groupoid G-extension. 

□ 

From now on, if a Lie groupoid extension admits a groupoid extension connection, it is 
always assumed to be a G-extension. Take an arbitrary path 7 in X[. The horizontal 
distribution being an Ehresmann connection, there exists an unique horizontal path 7 
starting at 7(0) and satisfying ^07 = (f>o*f. There is therefore a unique map g : [0, 1] — > K 
such that j(t) = 7(7") • <? 7 (t); note that, by construction, <7 7 (t) G Jhw t ) f° r an r £ [0) !]• 

We call right holonomy of a path 7, denoted by hol(7), the element 57 (1) G /Ct o7 (i)- The 
left holonomy can be defined similarly using the left action of /C. 

Proposition 4.8. For any pair of paths 71,72 composable in X\, the following relation 
holds, 

hol(7i • 72) = ( Ad( 72(1 ))-i hol(7i)) • hol(7 2 ). 

Proof. The paths 71,72 being composable, so are the associated horizontal paths 71,72. 
The product of horizontal paths being horizontal, their product 71-72 is an horizontal path. 
Moreover, this path starts at the point 71(0)72(0) = (71 • 72) (0). Therefore 7172 =71-72- 
It is now a simple matter to check that: 

(7172) (1) • hol 7l72 = 7172(1) 

= 71(1) • hol(7i) • 72(1) • hol(7 2 ) 

= 7i(l) • 72(1) • ( Ad (72(1)) -i hol(7i)) • hol(7 2 ). 

□ 

4.3 Connections as 1-forms 

Recall that any Lie groupoid X\ =4 M gives rise to a simplicial manifold 

• • • =| X 2 ^ X x =E X , (32) 

where 

X n = {(xi, . . . ,x n )\t(xi) = s(xi+i) i = 1, ...,n- 1} 

is the set of composable n-tuples of elements of X\ , and Xq = M and the face maps are 
defined as follows [52]. The maps e" : X n — > X n -i are given by, for n > 1, 





x 2 , • . 


• 1 X n ) 


= (x 2 , • • 


• j x n ) 




el{x x , 


x 2 , ■ ■ 


• 1 X n ) 


= (xi, • • 


• j X n — 1) 




e*(x 1: 


x 2 , ■ ■ 


• 1 X n ) 


= (xi, • • 


• j XiXi+i , . . 


• ) x n ), 1 < i < n — 1 
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and, for n = 1, Eq(x) = s(x), s\(x) = t(x). They satisfy the simplicial relations 

n— 1 P n _ n-l n yy- , • 
£ i o£ j — £ j-l° S i Vl < 

We also define the maps s : X n — > M : (xi,...,x n ) i— > s(xi) and t : X n — > M : 
(xi, . . . , x n ) i— ► t(x n ). When n = 1, we recover the source and target of the groupoid, 
justifying the notation. 

Consider a Lie groupoid extension (JTJ) . Since X\ M acts on K, — > M by conjugation, 
it acts on .ft — > M by adjoint action. Therefore one obtains a left representation of the 
groupoid X\ M on ^ — > M. For any i 6 li, the adjoint representation is denoted 
by Ad x : &t,t x \ — ► &sc x )> which, by definition, is the derivative at the identity of the con- 
jugation Ad^ : K-t(x) — * K"s(x)- Therefore one can talk about Lie groupoid cohomology 
with values in & [37] ■ Here a .8- valued cochain is a smooth map which associates an ele- 
ment in &g(xi) to a composable n-tuple (xi, . . . ,x n ). Thus the space of n-cochains can be 
identified with C°°(X n ,s*&) = T(s*^ — > X n ), the space of smooth sections of the vector 
bundle s*R — > X n , i.e. the pull back bundle of 8. — > M via s : X n — » M. The differential 
3^ : C°°(X n _i,s*^) -» C°°(X nt s*R) is given by 

n 

d<\ ixl> ... )Xn) =Ad xl ^r+j2(-m4T- (33) 

i=l 

In general, as a cochain complex, one can consider £l l (X n ,s*&), the space of differential 
forms on X n with values in the vector bundle s*& — ► X n , i.e. the space of smooth sections 
of the vector bundle A l T*X n ® s*R — > X n and the operator given by exactly the same 
formula (|33l) as the differential. Thus (d^) 2 = 0. Similarly, by taking the inverse of the 
adjoint action of X\ M on & — > M, one obtains a right representation of X\ M on 
8. — > M, and thus can consider the cochain complex formed by f2'(X n , t*.ft), the space of 
differential forms on X n with values in the vector bundle t*& — » X n , and the differential 
9 t> : 0'(X n _ l5 t*^) -> n l (Jr n> t*^) given by 

n-l 

^U...,^) = £ (-ir(4T + (-l) n Ad K) -i o{el)*. (34) 

8=0 

We thus have (d^) 2 = 0. 

In the sequel, if £ is an element of .ft, the right and left fundamental vector fields generated 
by £ will be denoted by ^ and £^ respectively. Thus, 

where x, y G Xi with t(x) = m = s(y) and £ G .ftm. 

Definition 4.9. Let Xi ^Y\^ M be a Lie groupoid extension. A 1-form a G ri 1 (Xi,t*^) 
is said to fee a rig/if connection 1-form if a(^ > ) = £, V£ G .ft and d > a = 0. Similarly, 
a 1-form (3 G O (Xi,s*.ft) is said to be a left connection 1-form «//3(£ <l ) = £, V£ G .ft 
and = 0. 

Remark 4.10. 1. An Worm a G f2'(Xi, t*.ft) satisfies c^a = if and only if, for any com- 
posable pair (xi, X2) G X2 and for any /-tuples of composable pairs (ui, vi), • ■ ■ ,(ui,vi) 
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in the tangent groupoid TX\ ^ TM, with Ui G T xl Xi,V{ G T X2 X\ for all i G 
{1, • • • , I}, one has 

a(ui ■ vi, ■ ■ ■ ,m ■ vi) = a(yx, ■ ■■ , vi) + Ad^-i a(ui, • • • ,ui). (36) 

In particular, for I = 1, one has 

a(« • f ) = a(f ) + Ad x .-i a(u) (37) 

for any composable u G T xl Xi and v G T X3 X|_. 

Eq. (j37]) can be interpreted as follows. The tangent groupoid TXi acts on 

.ft — > M from the right by u • = Ad~ l k for any it G T X X\ and any /c G ^( x y Then 
c^a = if, and only if, a : TX\ — > .ft is a 1-cocycle with respect to this action. 

2. In the case of G-extensions over a Cech groupoid, the condition d > a = should be 
equivalent to the condition given by Breen-Messing in jlH Eq. (6.1.9)]. See |15| . 

Lemma 4.11. Let Xi —tYi^Mbea Lie groupoid extension endowed with a Lie groupoid 
extension connection H . Let (p, q) be any point in X%, and v p G T p X\ and v q G T q X\ any 
pair of composable horizontal vectors. 

1. //£ andrj are elements of the fibers of& — > M at the points t(p) andt(q), respectively, 
then (£p + v p ) and {rf^ + v q ) are composable and 

(tp + v p ) ■ « + v q ) = (Ad,-i £ + v)p q + (v P ■ v q ). 

2. //£ and rj are elements of the fibers of .ft — > M at the points s(p) and s(q) respectively, 
then (£p + v p ) and (rj^ + v q ) are composable and 

(£p + ^ ■ (Vq + Vq) = (£ + Ad p + ( Vp ■ V q ). 

Proof. We prove (1) only since the argument for (2) is similar. Choose a path t \— > 
(j(t),5(t)) in X 2 such that j§| 7(*) = v p and jjj\ 5(t) = v q . Then, 

tp+v P = || ( 7 Wexp(^)), V%+v q = i\ (S(t)exp(trj)). 
Hence the result follows from the identity 

|| ( 7 (t)exp(^)<5(t)exp(ir ? )) = || Q {pexpffiqexpfa)) + £\ {-y(t)6(t)). 



□ 



Theorem 4.12. Let X\ Y\ M be a Lie groupoid extension. Then the following are 
all equivalent. 

1. Lie groupoid extension connections H C TX\; 

2. right connection 1-forms a G £1 (Xi,t*&); and 

3. left connection 1-forms j3 G il 1 (Xi,s*^). 
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Proof. It suffices to prove the one-one correspondence between (1) and (2). The equivalence 
between (1) and (3) can be proved similarly. 



1=>2 | Define a G ^(X^fJt) by setting 

a(^ > ) = £, V£ G £ and a(v) = 0, Vv G if. 

From Lemma f4.HI and Eq. (1251) . it follows that for all (p, g) £ X2, ti p 6 if p and v q G ff g 
with v p ,v q composable, 

{(Cp + ^) • {Vq + ««)) — 1° = Ad,-i £ + r] = Adg-i + Up) — la) + « + u g ) J a. 
Thus we have 

d >a \(p.q) = ( e o)* a ~~ ( e i)* a + Ad ? -i o(e2)*a = 0. 
Hence a is a right connection 1-form. 



2=^1 Set if = kera. It is clear that H is a horizontal distribution for the fiber bundle 



X\ — > Y\. Since d > a = 0, H is a subgroupoid of the tangent groupoid TXi =4 TM by 
Eq. J37D. □ 



The right and left connection 1-forms of a Lie groupoid extension connection are related 
in a simple manner as described in the following 

Proposition 4.13. Let X\ — ► Y\ z4 M be a Lie groupoid extension. And let H C TX\ 

be a Lie groupoid extension connection, a G SI (X\,t*&), and j3 G fi^-Xi, s*.ft) the right 
and left connection 1-forms associated to if, respectively. Then a and f3 are related by the 
following equation: f3\ x = Ad x oCx\xi 

Proof. This equation is obviously true on horizontal vectors. Moreover, the equation ^ = 
(Ad x ^)^, V£ G .ft, implies the expected result on vertical vectors. □ 

4.4 Connections on groupoid G-extensions 

In this subsection, we consider a Lie groupoid G-extension X. — ► Y m whose kernel K, is 

endowed with a trivialization \ : M x G — > /C. Thus X\ —> Y\ is a principal G-G bibundle. 
Assume that there exists a groupoid extension connection H on <f>. A natural question is 

when this connection is a connection for the right (or left) principal G-bundle X\ Y\. 

According to Eq. (|30l) . there is an induced connection if on the kernel JC —>■ M. Via 
the trivialization x, it in turn induces a connection on the group bundle M x G — > M, 
which is denoted by the symbol H' . Then if' is a connection for the trivial extension 
M x G -> M M. 

For any ( £ g, ( fi denotes the right invariant vector field on G corresponding to £. 
Associated to if', there exists a family {F g } g€ c of 0- valued 1-forms on M such that 
(v m , yFg(v m )j ) G T m M x T g G is the unique element of H'i mg \ whose projection in T m M 
is v m . In other words, {F g } measures the defect between His and T^ m ^(M x {<?}). Note 
that, by definition 

F g (v m ) = -P\( m ,g)(g*V m ), (38) 

where g* stands for the differential of the constant section m — ► (m, 5) of M x G — > M. 
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Lemma 4.14. The condition 



H(m,g) ' H(m,h) ~ ^(m,gh) 



is equivalent to 

F gh = F g + Ad g F h , Vg,h£G. (39) 

I.e. F : G — > f2 1 (M) <g> q is a Lie group 1-cocycle, where G acts on Q (M) ® g by adjoint 
action on the second factor. In particular, F e = ; where e denotes the unit element of G. 

Proof. It is simple to see that 

(v m , (F g (v m ))g) ■ (v m , (F h (v m ))%) = (v m , R h *(F g (v m ))f + L g *(F h (v m )%) 

= (V m , {Fg{V m ) + Adg F h {V m )) R )g h . 

Thus the right hand side belongs to Hi gh ^ if, and only if, Eq. (J39j) is satisfied. □ 
Corollary 4.15. Under the same hypothesis as in Lemma [4.14\ if G = S , then F g = 0, 

Proof. Since G is abelian, Eq. (|39"1) becomes F g h = F g + Fh- Since there is no non-trivial 
group homomorphism between S 1 and R, F must vanish. In other words, for i? -extensions, 
{M x {e ld }}g must be horizontal sections for the group bundle M x S 1 — > M. □ 

Proposition 4.16. Let X. Y m be a Lie groupoid G-extension whose kernel K is endowed 
with a trivialization x ■ M x G — > K. Assume that H is a Lie groupoid extension connection 
with its associated right and left connection 1- forms a and (3 respectively. 



1. Ifi x e H x , then 



Rg*£x + ( Ad 9 -i Fgit.iri) ni G H. 



■HI 



and 

Pg*£,x G H gx . 

2. The connection 1-forms satisfy 

R* g a - Ad g -i a + t*(Ad s -i F g ) ■■ 

and 

L* g p -Adg (3 + s*F g = 0. 
Proof. 1. It is simple to check that V£ G H x , 



Cx ' (t>*£,x j Rg*Fg — Rg*£x ~i~ (■^■dg— l ^ g (t*£x)) x 



> 



where • on the left hand side stands for the groupoid multiplication on TX\ =4 TM. 
It thus follows that R g *£ x + (Ad g -i ^(t*^))^ G iT : 



Similarly, V£ £ 

(s*£r, -Rg*-fg(s*Ca;)) ' £x = Pg*Cx ~\~ Rg{^*Cx)g~x- 
Thus L 9 *£ x + (^(s*^))^ G #92. 
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2. Easy consequence of (1). 

□ 

As an immediate consequence, we have the following 
Corollary 4.17. The following assertions are equivalent: 

1. F 9 = 0, V 5 G G; 

2. M x {g}, Vg G G, is horizontal. 

3. H is right G-invariant (R g *H = H, \/g G G), i.e. a £ Q}{X\) ® q is a connection 
one-form for the right G -principal bundle X\ — ► Y"i; 

^. iJ «s /e/i G-invariant (L gif H = H, Vg G GJ, i.e. [5 G ® g is a connection 

one-form for the left G-principal bundle X\ — > Yi . 

By Corollary 14.151 we are led to the following result, as expected. 

Corollary 4.18. A connection on a Lie groupoid S 1 -extension X. — > Y m must be a principal 
left (and right) S 1 -bundle connection. 

When the kernel of the groupoid extension X\ Y\ =t M is not identified to M x G, 
Lemma [4. 141 and Proposition 14.161 can be generalized by replacing the section M x {g} by 
any section a of K, — > M. 

Define the transformations i?<j : x\ — ► x\ ■ &t(xi) an d L c : x\ — > cr s r xi \ ■ x% of X%, and 
let Ffj := —a* [5. By construction, we have F a G 1 (M, ^). According to Eq. (|38l) . we 
recover the previous definition F 9 when K, = M x G and er(m) = (m,g), which justifies 
the notation. 

Lemma 4.19. The condition 

H K ai ■ H K a2 = H IC (TV(T2 , Vai,a 2 G JC such that vr(cJi) = Tr(a 2 ) (40) 
is equivalent to 

+ Ad CT1 F CT2 , vai.aa er(/c). (41) 

I.e. F : r(/C) -> fi^M) ® r(J?) «s a group 1-cocycle, where T(JC) acts on fi^Af) ® T(St) 
by the adjoint action on the second factor. In particular, F e = 0, where e denotes the unit 
section of IC. 

Proof. The proof is similar to that of Lemma [4. 141 and is omitted. □ 

Given a G T(JC) and x G Xi, we use the shorthand ax (resp. xa) for ct s m -x (resp. x-a t r x \). 

Proposition 4.20. Let X\ —>-Yi=t M be a groupoid G-extension endowed with a groupoid 
extension connection H with associated right and left connection 1-forms a and (3 respec- 
tively. Let a G T(/C). 
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1- If v x G H x , then 

Ra*V x + ( Ad CT(t(a; ^-l i^tfUa;)) G -ffxcr 
+ (F a (s^V x )) ax G H^. 

D. The connection 1-forms satisfy 

R* a a - Ad a -i a + t* (Ad CT -i F CT ) = (42) 

and 

L* a /3- Ad a 13 + s*F a = 0. (43) 
Proof. The proof is similar to that of Proposition 14.161 and is omitted. 

□ 

4.5 Covariant derivative on the bundle of Lie algebras 

Using parallel transport on the Lie algebra bundle 8. — ► M, one can introduce a covariant 
derivative on its space of sections: 

(V.O 7 (o) = lr2: t (^))| , (44) 

where 7 G M 1 , £ GT(^-> M) and rZ t denotes the parallel transport from &y(t) to &y(o) 
along the path 7. The following proposition is obvious. 

Proposition 4.21. 1. (V.£) 7 ( ) = f t \ £ | rZ t (exp s£ j(f) ); 

2- Vjf^ is C 00 (M) -linear in X and ~R-linear in £; 

w/tere £,77 G r(£) and X G 3t(M). 
Proposition 4.22. (Vj^ = f s \ Q F cxp sl .{X x ) . 

Proof. First, one easily checks that 

|r2 t (expsC 7(t) )| = Ver( |expse 7(t) | ) = (/?(! exp S £ 7(t) | ))J xp ^ (o) . 

Second, one has 

(v.e) 7(0) = llo slo r -^ ex p^7w) 

= slo Ts\o ( r -t( ex P s ^7W) - ex P(-^7(o))) •exp(se 7(0) ) 
= llo (s r -t( ex P^7(*)) •exp(-se 7( o))| + £ 7 (o)) 
= slo ^lo r -*( ex P^7W) •exp(-s£ 7(0) ) 
= slo ( i? exp(-^ 7(0) ),(/3(|exps£ 7(t) | ))^ ps ^ (o J 

= Ts\oP{ft ex V s Zi(t)\o) 

□ 
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The connection H denned on the Lie algebra bundle & — > M naturally induces a connec- 
tion on the pull back bundle t*£ — » Xi, given by H t * R = (t*) -1 ^- 8 , where t : t*£ — > £ is 
the projection. The associated covariant derivatives are related by 

v*(t*o = t*(v Ut ,£), w g rxx, ve g r(^), 

where t*£ G r(t*£ -> M) denotes the pull-back through t of a section £ G r(£ -> M). 
Similarly, we have the pull back connection .fP ^ on s*^ — ► X\ , whose covariant derivative 
is denoted by V s . 

Proposition 4.23. 1. For every 7] G T(t*& — ► Xi), we define an associated vertical 
vector field on X\ : 

: = ^l x ' ex P( rr '( x ))- 

Then 

V xV = (£ v »a)(X) + [r ] ,a(X)]. (45) 
2. For every rj G T(s*^ — ► X\), we define an associated vertical vector field on X\: 

3f| ex P ( rr ?( x )) ' x - 

Then 

V xV = (C v .f3)(X)-[r ] ,(3(X)]. (46) 

Here the notations rj* and rj x generalize those in Eq. (|35l) . More precisely, for any r/ G 
V(A -> M), we have {t*r])* = rf> and (a*rj)+ = r] < . 

Proof. We will prove (1). The argument for (2) is similar. 

Let £ be a section of .ft — > M. Setting a = exp(u£) in Eq. (l42l) and evaluating on a tangent 
vector X x , we get 

a(^exp(rO*^) " Ad cxp(rO a ( X *) + Ad cxp(rO F exp(rO = °" 

Differentiating with respect to r at u = and using Proposition 14.221 we obtain 

-(Cz>a)(X x ) + [t%a(X x )] + (V U xOt(x) = 0, 
where := £\ Q x • exp (r£(t(a;))). Hence V^t*£ = (£ 5 «a)(X) + [t*£,a(X)], 
Now, for any function / G C°°(Xi), we have 

v^(/-t*o =x(f)-t*t; + fv x (t*o 

=X( f ) • t*£ + / (£ { > (a(X)) - «([£> X]) + [t% a(X)]) 
=C K » (a(X)) - «([/£> X]) + [/ • t% a(X)] 

=(%>a)(x) + [/-t*£,a(*)l- 

The result follows from the fact that any section rj G T(t*R — > Xi) is a linear combination 
of sections of the type / • t*£ for £ G r(JS -> M) and / G C°°(Xi). □ 

Remark 4.24. If X is horizontal, a(X) = and (3(X) = and therefore we have 

V xV = a([X, V +}), Vtj € -> Xi) (47) 

and 

V3,r ? = /3([X,r ? ^]), Vr/ G T(s*^ — » Xi). (48) 
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4.6 Ehresmann curvature 

In this subsection, we study the curvature of a connection H on a Lie groupoid extension. 
We denote the horizontal and vertical parts of a vector v G TX\ by Hor(v) and Ver(v) 
respectively. Recall that the Ehresmann curvature of a horizontal distribution H , on the 

bundle Xi ^*Yx, is the 2-form on X\ , valued in the vertical space ker , which is defined 
by 

u(u,v) = - Ver ([Hor(Ct), Hor(u)]) , (49) 

where u, v G T^Xi and tt, C are vector fields on X\ such that u x = u and v x = v. It is easy 
to check that the right hand side of Eq. (|49"1) is well defined, i.e. independent of the choice 
of the vector fields u, v. 

Using the right (resp. left) action of K, on X\, one can identify the vertical space ker0* C 

T X X\ of the groupoid extension X\ Y\ with t*& (resp. s*R) via the right (resp. left) 
action of /C on X\. Therefore, the curvature of the connection H can be seen as a 2- 
form either in Q 2 (Xi, ker 0*), Q 2 (Xi,t*£) or Q 2 (Xi,s*£). Note that for any Lie algebra 
bundle 8. — > M over a smooth manifold M, there is a graded Lie bracket Q fc (M, .ft) ® 

0*(M, £) n k+l (M,&) given by <8) ai,u 2 ® a 2 ] = (wiAu 2 )® [01,02], Vai,a 2 G 
r(^), wi G Vt k {M),oj 2 G In particular, for any a G J2 1 (M,^) ) and any vector fields 

1.7 6 3t(M), we have ±[a,a](X,Y) = [a(X),a(Y)). 

The following lemma indicates that, similar to the case of principal bundles, the Ehresmann 
curvature can be computed using the standard formula. 

Lemma 4.25. 1. If a G J7 1 (Xi,t*^) is a left connection 1-form of a groupoid extension 
connection, then its curvature 2-form to G £l 2 (Xi,t*&) is given by 

lo = d v a + \ [a, a], 

where d v * : Sl'(Xi,t*&) — > £l* +1 (Xi,t*&) denotes the exterior covariant derivative 
induced by V*. 

jg. Similarly, if (3 G ^ x (Xi,s*^) is a /e/f connection 1-form of a groupoid extension 
connection, then its curvature 2-form to G f2 2 (Xi,s*.ft) is given &y 

W = d vs /3-i[/3,/3], 

where d vs : s*.ft) — > fi* +1 (Xi, s*^) denotes the exterior covariant derivative 

induced by V s . 

Proof. The proof is straightforward and is omitted. □ 

Now let us recall a general fact regarding horizontal distributions. I.e. the Ehresmann 
curvature is the holonomy of infinitesimal loops (see [55j page 118]). For any point m in 
a manifold N and any tangent vectors u, v G T m N ', we say that a smooth map C from a 
neighborhood of in M 2 to a neighborhood of m G N is adapted to (u, v) if 

C*(k| )= u and C *G|| )=^ 
where x,y are the standard coordinates on R 2 . 
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Consider now, for any small enough e\, £2, the loop R £lt£2 '■ [0; 1] — ¥ ^ 2 obtained by turning 
anti-clockwise along the rectangle with edges (0, 0), (ei, 0), (ei, £2), (0, £2)- Define, for any 
(small enough) £i,£2, a family of loops L~ £2 on N by 



Lg^ 2 =CoR £uE2 . (50) 

The curvature can be computed from the holonomy according to the following formula: 
Proposition 4.26. For any C adapted to (u,v), we have 

^ Ul=e2=0 H < L ^ 2 )=^M. (51) 

From now on, we shall work only with the right-connection 1-form a. Below we list two 
important identities that u satisfies, which we call Bianchi identities. They will turn out 
to be of fundamental importance in the sequel. 

Theorem 4.27. Let uj G £l 2 (Xi,t*&) be the Ehresmann curvature for a Lie groupoid 
extension connection a G 1 (Xi,t*^). Then we have the Bianchi identities: 

d v W [a,uj] = t*w*(a) (52) 
8 > oj = 0, (53) 

where u>^ G Vl?(M, End(£)) is the curvature of the induced connection V on the Lie algebra 
bundle & —> M, and t*u^(a) G Q 3 (Xi,t*R) is the t* 8,-valued 3-form on X\ obtained 
by composing t*oj^ G Q 2 (Xi, End(t*^)) with a G ri 1 (Xi,t*^) under the natural pairing 
ft 2 (Xi,End(t*£)) gfl 1 ^!,^) -» n 3 (X!,t*R). 

Proof. Let us prove Eq. ([52]) first. By Lemma f4. 251 (1). we have 

(<i v + &d a )ui = (ci v + ad Q )o((i v + i ad a )(a) 

= (d yt ) 2 a + id yt [a,a] + [a,d v *a] + \ [a, [a, a}}. (54) 

The graded Jacobi identity implies that [a, [a, a]] = 0. Since V is a connection on the 
Lie algebra bundle t*R — > X\ we have [a, a] a, a] = — [a, d v a]. Eq. ((MI) then 

becomes (d v * — &d a )u> = (d v *) 2 a. On the other hand, the curvature of V* is t*u A . Hence 
we have (d v ) 2 a = t*uj^(a). This concludes the proof of Eq. (fb2l) . 



Let us prove Eq. (1531) . Denote by pi,m,p2 the three face maps from X2 to Xi (previously 
denoted by e\,e\,e\): Pi (^1^2) = sci, m(xi,X2) = X1X2, P2OE1, ^2) = ^2- We denote by 
(u, v), with n G T xl Xi, u G TJ^Xi and t*u = s*v, an element in T( Xl)X2 \X2- Note that 
m*(u,v) = u ■ v , where the dot on the right hand side stands for the multiplication in the 
tangent groupoid TX\ TM . 

For any composable pair (2:1, #2) G X2, and any («i,«2)> (^1,^2) £ ^fai, 0:2)^2) let us choose 
a smooth map c from a neighborhood U of in M? to a neighborhood of (x\,X2) G X2 
adapted to ((141,1x2), (fi, 1 ^)). Then pioc, m»c and p2°c are smooth maps from to Xi 
adapted to (ui,vi) in T X1 X\, (u\U2,viV2) in T XVX2 X% and (1/2,^2) in T X2 Xi, respectively. 

For any small enough £i,£2, the loops L v e \° £2 and Lel%, as defined in Eq. ([501) . are com- 
patible and their product is precisely L™°^ 2 . According to Proposition 14.81 we have 



Hol(L™-) = Ad^x Hol(L^- ) • Hol(£f °< 
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Applying q s ^ S2 | £l=£2=0 to this equation and using Eq. (f5T1) . one obtains 

u(u\ ■ u 2 ,vi ■ v 2 ) = uj(u 2 , v 2 ) + Ad^-i u(ui,v{). 
The result now follows. □ 

Remark 4.28. The relation between Theorem l4~27l and Eqs. (6.1.12)-(6.1.15) in [14] is 
investigated in |15j . 

5 Induced connections on the band 

5.1 Induced horizontal distributions on the band 

Let Xi Y\ =4 M be a Lie groupoid G-extension endowed with a connection H C TX\. 
The purpose of this subsection is to construct an induced connection on the band out of 
the connection H. First of all, let us recall some basic notions. 

Definition 5.1 (|35J). Let Ti =t Tq be a Lie groupoid with Lie algebroid A. A connection 

on a principal G-bundle P —* Tq over T\ Tq is a G -invariant horizontal distribution 
H C TP satisfying the following two conditions: 

1. for each p € P, we have the inclusion A p C H p , where A p denotes the subspace of 
T p P generated by the infinitesimal action of the Lie algebroid A — ► Tq; 

2. the distribution {H p } p£p on P is preserved under the action ofU\ oc (T m ), the pseudo- 
group of local bisections f37\j ofT\ To, which naturally acts on P locally. 

First we consider the right Aut(G)-principal bundle Iso(/C, G) — > M . For any g € G, let 

ev g : Iso(/C, G) ->■ K : / >-> f{g) 

be the evaluation map. Differentiating it with respect to / yields, for all fixed g £ G, a 
map 

Tf Iso(/C, G) — Tf^gjK,. 

We define a horizontal distribution H lso on Iso(/C, G) — > M by 

Hf° = {ve Tf Iso(/C, Gr) | ev 9 * v G IT^j, Vg <E G} C T f Iso(K,G), (55) 

where, as defined in Eq. (J3"0]) . i?^ denotes the induced connection on the kernel /C — > M. 
It is obvious that i? lso is invariant under the Aut(G)-action on Iso(/C,G). 

Set 

H out = p,H iso , 

where p : Iso(/C, G) — > Out(/C, G) denotes the projection. It is clear that // out is a horizontal 
distribution on the bundle Out(/C,G) — ► M. 

The following lemma is immediate. 

Lemma 5.2. 1. The horizontal paths in Iso(/C, G) are the paths ft such that, for any 
g € G, ev g ft = ft(g) is a horizontal path in K,. 
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2. The horizontal paths in Out(/C, G) are the images of horizontal paths in Iso(/C, G) 
under the projection p : Iso(/C, G) — > Out(/C, G). 

Proposition 5.3. T/ie horizontal distribution H ont defines a connection on the band. 

Proof. First, as H lso is invariant under the right Aut(G)- action, H out is invariant under 
the right Out(G)-action. 

Second, Vm G M, let / be any element in Iso(/C, G)| m and r i— > 7(r) a path in Y\ lying 
in the target fiber t~ l (m) over m. Consider the horizontal lift r i— > y(r) of 7 in X\. Fix 
/ G Iso(/C, G)|. m . For all g £ G, the paths r 1— > 7(t)/(<7)(7(t)) _1 in K, are horizontal paths. 
Therefore, the path r 1— » jo(Ad^( T -j o/) in Out(/C, G) is horizontal by Lemma f5T2l Since any 
element of Af is tangent to such a path at its origin, we have Af C Hj ut . 

For any / G Iso(/C, G)| m , let m T be any path in M starting at the point to. For any g G G, 
by fhl^ g \ we denote the horizontal lift of m T in /C starting at the point /(<?) G /C m . Let f T 
be a path in Iso(/C, G) defined by f T (g) = ml , G G. By definition, / T is the horizontal 
lift of m T in Iso(/C, G) through the point /. Hence, p(f T ) is the horizontal lift of m T in 
Out(/C,G) starting at the point p(f). 

To show that iJ out is preserved under the action of U\ oc (Y.) 7 it suffices to show that, for 
any L G U\ oc (Y.), L ■ p(f T ) is still a horizontal path in Out(/C, G). For this purpose, let a T 
be the unique path in L such that to<r r = m T , and let a T be any of its horizontal lifts on 
X\. By definition, 

L ■ Pifr) = OY • p{f T ) = p[ Ad &T of T ) , 

which is clearly still a horizontal path since the paths 

{Ad^ f T )(g)=a T -ml^-(a T )- 1 
are horizontal in /C, for all g G G. This concludes the proof. □ 



5.2 Connection 1-forms on the band 

A connection on a principal bundle over a Lie groupoid can be equivalently described by 
a 1-form, called the connection 1-form. 

Definition 5.4 ([35]). Let P To be a principal G-bundle over a Lie groupoid T\ To. 
A connection 1-form is a usual connection 1-form 6 G ^(P) <8>fl of the principal G-bundle 
P — > To (ignoring the groupoid action), satisfying the additional equation t*0 — s*9 = 0. 
Here s andt are the source and target maps of the transformation groupoidTiXt^ ^jP P 
associated to the T. -action on P. 

Just like the usual principal G-bundles, we have the following (see Proposition 3.6 in |35|): 

Proposition 5.5. For a principal G-bundle over a Lie groupoid, a connection is equivalent 
to a connection 1-form. 

The purpose of this subsection is to construct the connection 1-form for the induced con- 
nection on the band, and to prove directly that it satisfies the conditions in Definition 
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15. 41 Hence, this subsection can be considered as an alternative approach to obtain, from a 
connection on a groupoid G-extension, an induced connection on its band. 

Let X\ — > Y\ M be a Lie groupoid G-extension endowed with a groupoid G-extension 
connection. Let a G Q 1 (Xi,t*A) be its corresponding right connection 1-form and G 
il 1 (/C,t*^) the induced connection 1-form on the group bundle K — » M obtained by 
restricting a to /C. 

Denote by d the Lie group cohomology differential of G with values in its Lie algebra g, 
where G acts on g by the adjoint action. In particular, for any £ G g, 9£ is the g-valued 
function on G given by (d£)(g) = £ — Ad g -i£, Vg G G. 

The following lemma is standard. 

Lemma 5.6. Let G be a Lie group with Lie algebra g. 

1. The Lie algebra LieAut(G) of Aut(G) is naturally identified with the space of 1- 
cocycles Z 1 (G,g) with the bracket: 

[zi,z 2 ](g) = z 2 *(zi(g)) - z u (z 2 (g)) - [zi(g), z 2 (g)], Vz 1 ,z 2 G Z 1 (G,g), g G G, 

where for any z G Z 1 (G,g), z* : g — > g is the differential of z at the identity. 

The isomorphism from LieAut(G) to Z 1 (G, g) is given as follows. Let ft be any G 1 - 
path in Aut(G) with fo = id. Then the element z(g) in Z 1 (G,g) corresponding to 
%\t=0 G LieAut(G) is 

(56) 



= (L ^)* ~d~r 



t=0 



2. The Lie algebra Lielnn(G) of Inn(G) is naturally identified with the space of 1- 
coboundaries B 1 (G,g). 

3. Let Ad : g — ► B 1 (G, g) be the Lie algebra morphism corresponding to the Lie group 
morphism G — > Inn(G) given by x — > Ad x . Then Ad£ = V£ G g. 

4- The Lie algebra LieOut(G) o/Out(G) is naturally identified with the first cohomology 
group H x (G,g). 

Define a G°°(G, g)-valued 1-form a iso on Iso(/C, G) by 

(!)J« iso )(g) = /- x (evg*(v) J/), / G Iso(/C,G), and u G T f Iso(1C,G), 

where /* : g — > ^ m is the Lie algebra isomorphism corresponding to the Lie group isomor- 
phism f : G —> K-rn, and a 1 ^ G 1 (/C,^) is the pull back of the right connection 1-form a 
on K.. 

Lemma 5.7. The 1-form a iso is Z 1 (G,g) -valued. I.e. a iso G $7 1 (Iso(/C, G)) <g) Z 1 (G,fl). 

Proof. Denote by m : K, x a//C — > /C the multiplication in the Lie group bundle /C and by pi 
and P2 the projections of /C x^/C onto its first and second factors respectively. The relation 
d > a = implies that d^a^ = 0, where stands for the restriction of d > to the simplicial 
manifold associated to the groupoid K, ^ M . Therefore, for any (k%, k 2 ) G K, Xm 

m*a K =p*a lc + Ad, -1 p\a K . (57) 
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For any g\,g2 E G and / E Iso(/C,G), differentiating with respect to / the relation 
ev 3i92 / = m ( ev gi /j ev 92 /)) one obtains that for any v £ Tf Iso(/C, G), 

ev 9i92*( u ) = "i*(ev 9l *77,ev 92>11 u). 

Eq. jSZD implies that 

ev gig2*( v ) -^c*" = ev^.^Ja^ + Ad^^-i (ev 5l *(v ) _l c/"). 
Applying J" 1 yields that 

(v J a iso )( 5 i92) = (v_ I a iso )( 52 ) + Ad g -i (v _l a iso )G?i). 

Therefore a lso takes its values in the Lie algebra Z 1 (G,q). □ 

Proposition 5.8. The 1-form a lso £ fl 1 (Jso(lC,G))<SiZ 1 (G,g) defines a connection on the 
Aut(G) -principal bundle Iso(/C, G) — > M. 

Proof. For any 77 € fl), denote by 77^ the tangent vector in Tyiso(/C, G) induced by 

the infinitesimal action of the Lie algebra Z 1 (G, q). 

Differentiating the relation ev g (f ■ ip) = (foip)(g) with respect to ip £ Aut(G) at the 
identity, one obtains the relation evg^(r]^) = (f*r]{g)) for any ij E Z 1 (G,g) and g £ G. 
Hence a^(ev 9 * f? > ) = f*v{d)- Applying f^ 1 , we obtain, for any 77 £ Z 1 (G,g), 

rj> _J a iso = 77. (58) 

Let us now check that a lso is Aut(G)-equivariant. Fix ip E Aut(G). Differentiating the 
relation ev g (/ • ^) = (f a tp)(g) with respect to /, one obtains the relation ev g *(R 1 / ) )*v = 
ev i>(g)* v f° r a ^ w e 7/Iso(/C,G). Applying (f oip)~ l ocfi yields 

(^J^K!,)^; 1 ^^ (if)(g)) = (Ad rl (.Ja iso ))(g). (59) 
Eqs. ([58l) - (f59ll imply that a lso is a connection 1-form. □ 



Proposition 5.9. The following are equivalent characterizations of a connection on the 
Aut(G) -principal bundle Iso(/C, G) — > M: 

1 a connection i-/orm a iso € V 1 ( Iso(/C, G)) ® Z X (G, g) as m Proposition ^, ffl 
2. a distribution H iso C TIso(/C,G) as m JSg. (1551); 

5. horizontal paths in Iso(/C, G) are those paths ft such that, for any g E G, ev g ft = 
ft(g) is a horizontal path in K,. 



Proof. lETHUl It is straightforward to check that ker(a lso ) = H mo . Hence H lso defines the 



same connection as a lso . In particular, it is an Aut(G)-invariant horizontal distribution. 



[2]^{3] A path ft is horizontal if, and only if, its tangent vectors are in H lso . In other words, 
the tangent vectors of the paths ft{g) are in for all g E G. Therefore the horizontal 
paths of the connection defined by H lso or a lso are the paths in Iso(/C, G) such that, for 
any g E G, ev g (ft) = ft(g) is a horizontal path in fC. This completes the proof. □ 
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Assume that we are given a short exact sequence of Lie groups 1— > R — > G — > H — ► 1, 
Then, for any principal G-bundle P — > M, P/R ^ M is a principal iJ-bundle. Given a 
connection 1-form 9 G ^(P) ® g, then := pr(#) is a h-valued 1-form on P which is 
i?-basic. Here pr : g — > h is the natural projection. Therefore, it descends to a h-valued 
1-form on P/R, which is a connection 1-form on the principal -fT-bundle P/R — > M. 

Applying this construction to the particular case of the exact sequence 1 — > Inn(G)/Z(G) — > 
Aut(G) — > Out(G) — > 1 and the connection 1-form a lso on Iso(/C,G), we obtain a connec- 
tion 1-form a out G ^(Out^, G)) <8 H l {G, g). 

Recall that Ai =4 M acts on Iso(/C, G) — > M by conjugation, so Iso(/C, G) — * M is indeed 
an Aut(G)-torsor over X\ =4 M. One can consider the transformation groupoid: 

Xi x M Iso(/C, G) ^ Iso(/C, G). 

Similarly, Yi M acts on Out(/C, G) A M, so Out(7C, G) -> M is an Out(G)-torsor over 
Yi z4 M. And one can consider the transformation groupoid 

Yi x M Out(/C,G) z4 Out(X,G). 

Proposition 5.10. T/ie connection 1-form a ont G il 1 (Out(/C, G)) (gii? 1 (G, g) is compatible 
with the Y,-action. More precisely, the following relation holds: 

s * a out _ t * a out = Q 

Here s and t denote the source and target maps of the transformation groupoid Y\ x m 
Out(X,G) =t Out(7C,G). 

The above proposition is an immediate consequence of the following lemma. 
Lemma 5.11. For all (x,f) G Xi x m Iso(/C, G), we /lave 

B *a tao -t*a i80 = S(p*(/- 1 oa !e )) 1 (60) 

where both sides are 1-forms on X\ Xj^Iso(/C, G) with values in Z 1 (G,g). Here, s and t are 
the source and target maps of the transformation groupoid X\ x m Iso(/C, G) :4 Iso(/C, G) 
and p : Ai x 7v/ Iso(/C, G) — ► Ai is the projection on the first component. Note that s*a lso 
and t*a lso are 1-forms on X\ Xm Iso(/C, G) with values in Z 1 (G,q). On the right hand 
side, the pull-back via p of the composition of the .ftt^-valued covector a x on X\ and 
the isomorphism f^ 1 : &tr x ) — > g is a covector on X\ Xm Iso(/C, G) at (x, f) with values 
in g. Therefore, d(p*(f~ 1 °a x )) is a covector of X\ x ^ Iso(/C, G) at (x, /) with values in 

sHGg). 

Proof. The tangent space TLn (Ai x Iso(/C, G)) consists of the pairs (u, t>) G T^Xi x 
Tj Iso(/C, G) such that t*ii = 7T*?;, and therefore is the direct sum of the following three 
vector spaces: 

Ek := {(0,vf)\v e^(G, )}, 

E2:={(£>0)|£€St (!e) }, 

£ 3 := {(u, G Fa;,i; G ,t*u = 7T*u} . 

Below we check that Eq. (|60l) holds on each of the direct summands. 
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By construction, 

(0, ? 7 > ) _J (s*a iso - t*a iso ) = 77 - V = 0, 

and 

{Q,rj > )_\p*a = 0. 

Therefore, Eq. J60|) holds on E 1 . 



Fixing (x,f) G X\ x m Iso(/C, G) and differentiating the relation 

s(x -k,f) = Ad xk of = (Ad x of) ■ Ad r i (fc) G Iso(/C, G) 
with respect to A; G /C t ( x ) at the identity, we obtain 



s 



Ada, °/' 



Here Adj-i( fc ) is considered as an element in Inn(G) C Aut(G) and the dot refers to 
the right Aut(G)-action on Iso(/C,G). Hence, we have 

(e,0)^{s*a iso -t*a iso )=d(f- 1 0, 

while, on the other hand, 

(e,0)-id{p*f-\a x )) =d(f- 1 H). 

Therefore, Eq. J60]) holds on E 2 . 

Let (u, v) G £3. We have 

(u,v)_ld{p*(f- 1 oa))=d{f7 1 (v_l ax ))=0 (61) 

and 

(u,v) JtV o = «Ja iso = 0. (62) 

Let x t and ft be horizontal paths in X\ and Iso(/C, G), respectively, such that -Kof t = 
toXj, for all t, and jjj(xt, ft)\ t=Q = {u,v). For any g G G, /j(g) is an horizontal path 
in /C by Proposition I5.9f 3). Since a path in /C is horizontal in K, if, and only if, it is 
horizontal when considered as a path in X±, and the product of horizontal paths in 
X\ is horizontal by Proposition 14.31 x t ■ ft(g) • x^ 1 is an horizontal path in JC for all 
g G G. Since s(x,f) = Ad^o/, it thus follows that s*(u, v) = ^{xt ■ ft(g) • a?^ -1 ) 1 1=0 
is a horizontal vector in Iso(/C, G). Together with Eqs. ([61~1) - (|62"T) . this implies that 
Eq. (JBOJ) holds on E 3 . 

□ 



Proposition 15.101 means that a out is indeed a connection 1-form for the principal Out(G)- 
bundle Out(/C,G) — > M over Y„ i.e. a connection 1-form on the band. 

In summary, we have the following 

Theorem 5.12. The 1-form a ont G fi 1 ( Out(/C, G)) (giiJ^G,©) is a connection 1-form on 
the band of the G-extension, whose corresponding horizontal distribution is H out . 

Remark 5.13. As shown in [35], connections behave well with respect to Morita equivalence. 
More precisely, there is a 1-1 correspondence between connections on principal bundles 
over Morita equivalent groupoids. Therefore, a connection in our sense indeed yields a 
connection on the corresponding torsor over the stack. This implies that a connection on 
a gerbe induces a connection on its band. 
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5.3 Curvature on the band 



This section is devoted to describing the relation between the Ehresmann curvature uj 
on the group bundle /C — > M and the curvature uj 1so on the Aut(G)-principal bundle 
Iso(/C, G) — > M, as well as the curvature uj ont on the band Out(/C, G) — > M. 

Since ui^ is an horizontal form, it can be considered as a form on the manifold M. More 
precisely, one defines uo K G Q 2 (M, Z l (K,,&)) as follows. For any k G JC m and u, v G T m M, 

(i urKV u K ){k) = iu Ai j{uj\k), (63) 

where u, v G T^/C are any tangent vectors such that (/>*(«) = u and = v. This 

definition requires some justification. 

• First, it is clear that (iuAvW^ft) is independent of the choice of u,v because w\jc is 
an horizontal 2-form, and is therefore well defined. 

• Second, we need to check that, for any fixed u, v, the map k — > (iuAv^ )(k) is an 
element in Z l {K,&). For any ki,k2 G /C m , let u%,vi G T^JC and U2,V2 G T^KZ be any 
tangent vectors such that (f>*(ui) = 4>*{uq) = u and = 0*(v2) = v. Then ui -U2 
and Ui-W2 (where the dot stands for the product in the tangent groupoid TX\ ^ TM) 
are elements in T^^/C such that • v-2) = u and 0*(vi ■ v%) = v. The Bianchi 
identity Eq. ([53]) implies that u>{u\ ■ U2, V\ ■ V2) = w(n2, £2) + Ad fe -i u{ux,vx). Hence 

(iuAv^ihh) = (iuAv^ih) +Ad t , 2 -i(i nA „/)(fci). 

Note that any / € Iso(/C, G)| m induces an isomorphism Tf : Z l {KZ m ,R m ) — ► Z 1 (G, g) given 
by, Vz G Z 1 (JC m ,R m ), 

T f (z)( a ) = f- X z{f{gj), V ? £G. (64) 

Tensoring with A 2 Z^M, this extends naturally to a map (denoted again by the same 
symbol by abuse of notation) 

T f : /\ 2 TZ l M®Z\K m ,Si m ) — » A^M ® Z X (G, g). 

Proposition 5.14. For any / G Iso(/C, G)| m , we /iai>e i/ie following relation 

, ,iso I _*t-i , ,K I 
w 1/ = n 1 f UJ \m, 

where oj lso \f G A 2 TJ Iso(/C, G) (8) Z 1 (G, g) is tte curvature of the connection a lso , u; | m G 
A 2 T^M (8) Z^/C, £) 2S as m Eg. flM} and vr : Iso(/C, G) —> M is the projection. 

Proof. For any path : [0, 1] — > Iso(/C, G), let /t be the unique horizontal path in Iso(/C, G) 
starting at the same point fo and satisfying ir°j = 71-07. Then the holonomy Hol(/ t ) G 
Aut(G) of the path ft is given by 

fx ■ Hol(/t) = /i- (65) 
The curvature u; lso can be expressed by 

Hol(L e c ii£2 ) (66) 



9 2 
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for any smooth map G from M 2 to Iso(/C, G) adapted to the tangent vectors u,v G 
Tf Iso(/C, G) (see Eq. (|50l) for the notation ), According to Lemma l5T6l (l). Eq. (|66l) 
can be written as 



£l=£2=0 



r'HolCLg^)^), 



(67) 



By Lemma E21 for any path f t in Iso(/C, G) and any j G G, ev g (ft) is an horizontal path 
starting at ev s (/o). Hence ev g ft = evg ft holds for all i G [0,1]. In particular, for t = 1, 
one obtains 

ev 9 (A • Hol(/ t )) = (ev g ft) • Hol(ev 9 f t ), V<? G G, 

and therefore 

AGT 1 ) • [ft • Hol(/ t )](g) = Hol(ev 9 / t ). (68) 
The latter can be re-written as 

f 1 (g~ 1 Rol(f t )(g)) = Rol(ev g f t ). (69) 



For any smooth map C from a neighborhood U C M 2 of to a neighborhood of / G 
Iso(/C, G) adapted to the tangent vectors u,v £ TjIso(/C,G), the smooth map ev 9 oG G 
G°°(Z^,/C) is adapted to ev 9 * it, ev 9 * u G Tj-^IC. Take ft to be the loop L^ 1£2 . Then ev 9 ft 

is the loop Leifeg ■ Now, according to Eq. (jBT)]) . one obtains that, for any £1,62, 



fig- 1 Rol(Lg <£2 )(g)) = Hol(L^ e f ), V 5 G G. 
Applying q®q S[ to both sides and using Proposition 14.261 and Eq. (l67l) . we have 

S\=£2 = 

f*{u lso {u,v)(g)) = uj(evg*u,evg*v)\f( g ), \/g G G. 
By Eq. (|63l) . we obtain 

ft( W is >, V )( 5 )) = ^(7r^,vr^)(/( 5 )), V<7 G G. 

This concludes the proof. □ 



Denote by [uj k ] G Q 2 (M , H 1 (K, ^.)) the class of u K . Since for any / G Iso(/C, G)\ m , the map 
defined in Eq. j64| maps B l {K, m ,& m ) to B 1 (G, g), it induces a map : i7 1 (/C m ,^ m ) — > 
H 1 (G,q). It is simple to check that 2/ only depends on the class of / G Out(/C,G)| m . 
Therefore, for any / G Out(/C,G)| m , we have a well defined map T-j \ H (]C m , SimJ > 
H 1 (G,q). Alternatively, one may also obtain Tj as follows. For any / G Out(/C,G)| m , 
there is an induced group homomorphism Out(/C)| m — ► Out(G) by taking the conjugation. 
Then Tj : H 1 (IC m ,M m ) — > H l (G,$) is its corresponding Lie algebra homomorphism. 

Tensoring with A 2 T^M as before, Tj extends naturally to a map 

Tj : t\ 2 T* m M ® H\K m , ^n) -> A 2 T r * n M ® H\G,q). 



Proposition 15.141 immediately implies the following 
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Theorem 5.15. For any f G Out(/C, G)\ m , the curvature on the banduj out \j G A 2 T^ Out(/C, G)<g> 
-fT 1 (G, fl) and i/ie c/ass [u; ] € A 2 T^M ® if 1 (/C, ^) are related by the following equation 

where tt : Out(/C, G) — > M is i/ie bundle projection. 
As an immediate consequence, we have the following 

Corollary 5.16. The band of a G-extension X. Y. is flat if and only if [uj 1 ^] = 0. 

To end this section, we describe an important relation between the curvatures uj G tl 2 (Xi, t*&) 
and uj k . 

Let cj^ G f] 2 (M, Lie Aut(^)) be the curvature of the induced connection V on the Lie 
algebra bundle 8. — > M. Note that Lie Aut(^) can be naturally identified with the space of 
derivations of They can also be viewed as Lie algebra 1-cocycles with values in the Lie 
algebra itself with the action being the adjoint action. Therefore we have an identification 
LieAut(J?) ~ Z 1 (&,&). 

First we need to give a relation between co^ and the curvature lu^ on the group bundle 
K. — > M . For any Lie group G with Lie algebra 0, differentiating a Lie group cocycle in 
Z 1 (G, g) at the identity, one obtains an element in Z 1 (q,q). More generally, for any group 
bundle K, — > M, this allows us to obtain a map Z l (K,8.) — > Z 1 ^, R), which extends to a 
map D : ft 2 (M, Z\K, &)) -> 2 (M, Z 1 ^, £)) . The following can be easily verified: 

Lemma 5.17. 

Duf = u* (70) 

Recall that for any Lie group G with Lie algebra 0, we have d : q — ► B 1 (G, q) : £ 1— ► 
(fl 1 l— > £ ~~ Ad g -i £)■ Applying 9 fiberwise, one obtains a map T(t*^) — > T{t* B l {K, A)) C 
T(t* Z l (K,,8)) that we denote by d/c- By abuse of notation, we denote by d/c again the 
induced map 

d K : ft 2 (Xi,t*£) -► ^(Xi.t*^ 1 ^,^)) C ^(X^t^ 1 ^,^)). 
We can now prove the following: 

Proposition 5.18. T/ie following relations hold, for any x G X±, 

Ad x -i s*^!^) - t^lt^) = -a^wia, 
AdjB-i s*w*| 8 ( x ) - t*C4;*|t(a.) = ad^, 

where Ad^-i stands for the natural isomorphism from Z 1 (JC S ( X ) , &s( x )) to Z 1 (JC t M , $t( x )) , 
and from Z 1 (^ s ( a ,- ) , Rgf x -\) to Z 1 (^ t ( a; ), ^t( x )) induced by A.d x : A^t(x) ~~ * ^s(x)- Note that 
u>\ x G A 2 T*X 1 m t{x) , doj\ x G A 2 T£X 1 ®Z 1 (}C t(x) ,& t{x) ), u K \ t{x) G A^M^Z 1 ^), j^)), 
and u K \ B ( x ) G A 2 T s * (a;) M (g) Z^/Cg^),^^)). Similarly, ad^ G A 2 T£Ai ® Z 1 ^^), &t(x))- 
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Proof. The second identity in Eq. (|7Tj) follows from the first one by applying D and using 
Eq. ([701) . Let us now prove the first one. This equation is equivalent to 

Ad x -i s*/(Ad I k) - t*io K {k) = -u x + Ad k -i uj x G A 2 T*X 1 ® St^ x y (72) 

Let u\,U2 G T X X\ be any two tangent vectors at the point x, and £j.,£2 £ T^K, any two 
tangent vectors of K, at the point k such that t*iij = 7r*£j, i G {1, 2}, (i.e. (iij,£j) is a 
composable pair in the tangent groupoid TX\ =3 TM for i £ {1,2}). 

By using Eq. (153)) repeatedly, we obtain 

WAd, fc(^l£l'U^ 1 ,M2£2'U2 ) = Ad 2fc -1 UJ x {ui,U 2 ) + Ad x Wfc(£i,£ 2 ) - Ad^U^^l,^)- 

Hence 

Ad^-i CJ A d ;r fc('Ul£l^r 1 '' u '2£2^ 1 ) = Adfe-l U X (UI,U 2 ) -UJ x (ui,U 2 ) +Wfc(£l,£2). (73) 

Since £i,£2 G 7fc/C, UiSiU^ 1 G Txd x kK- for i G {1 ; 2}. According to Eq. (l63l) . 

Wfc(£l,£ 2 ) =wf-(0*£i,0*£ 2 ) = ^(t^ijt*^) (74) 

and 

WAd^fe^l^l^r ,«2£2W2 ) = w Ad x fe(^*( w l e l' u l )A*\U2S2U2 )) = UJ%d x fc( s *"l, S*U 2 ). 

(75) 

The result now follows from Eqs. (f73l) - (175)1 . □ 

Remark 5.19. For the Lie algebra g of any connected Lie group G, denote by Z(g) its 
center. Since G is connected, one has Z(g) = {£ G g| Ad s ^ = £, V<? G G} = ker(d). 

Similarly, let Z(M) = UmeM Z(R) m be the vector bundle over M obtained by taking the 
center of each fiber, and t*Z(R) — ► Ai, its pull back by the target map t. The space of 
sections of the vector bundle t*Z(R) — » X\ is precisely the kernel of d/c- 

Proposition 15.181 implies that the image of to under die is entirely determined by w . 
Equivalently, this means that the class of uj in f2 2 (Ai, t*-7^y) is entirely determined by 

6 Cohomology theory of connections 

The purpose of this section is to develop a cohomology theory for groupoid extensions, 
which appears naturally while studying connections and curvings. 

First of all, in Section 16.11 we introduce the cohomological object in question, which we 
call horizontal cohomology of a Lie groupoid extension. We also discuss in Section I6T1 how 
and when the horizontal cohomology can be pulled back by a morphism of Lie groupoid 
extensions. In Section 16.31 we show that the horizontal cohomology can actually be in 
fact defined for a gerbe, i.e. it is invariant under Morita equivalence. In Section 16.41 we 
introduce an obstruction class [obs] in the horizontal cohomology, which characterizes the 
existence of connections. As a consequence, we show that, if a groupoid extension admits a 
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connection, then any Morita equivalent groupoid extension admits a connection as well. In 
the language of stacks and gerbes, it means that the existence of a connection "goes down" 
to a "gerbe" notion. In Section 16.61 we compute the horizontal cohomology for G-gerbes 
over a manifold, i.e. for a G-extension of a Cech groupoid. We show that, in this case, the 
class [obs] vanishes, and therefore, any G-extension of a Cech groupoid (i.e. any G-gerbe 
over a manifold) admits a connection. Section l6~77l is devoted to the study of flat gerbes. In 
Section IB~8l we study connections and curvings on central extensions. 

6.1 Horizontal cohomology 

Recall that, for any fiber bundle T — ► B, with T and B being finite dimensional manifolds, 
an Z-form £ on T (possibly valued in some vector bundle over T) is said to be horizontal 
if = for any v G ker ((/>*). In other words, a form is horizontal if it vanishes when 

contracted with a vector tangent to the fiber of cj). 

Remark 6.1. 1. The reader should not confuse horizontal forms with basic forms. Basic 
forms are simply obtained by pulling-back forms on the base space, while horizontal 
forms form a much bigger space in general. 

2. Given a fiber bundle T B, horizontal Z-forms on T can also be considered as 
Z-forms on the base manifold B with values in, for any b G B, C°° ((ft -1 (b)) . We will 
use both viewpoints all along this section. 

We now introduce the horizontal forms relevant to our situation. Given a Lie groupoid 

extension X% Y\ M with kernel K —» M, for any n G N, the manifold X n of n-tuples 
of composable arrows of X\ z4 M is a fiber bundle over Y n , with respect to the projection 

4> n : (x 1 , ■ ■ ■ ,x n ) i-> (<f>(xi), ■■■ , tp(x n )) . 

A typical fiber over a point (j/i, • • • , y n ) € Y n is isomorphic to ^Ct(yi) x ^t(y 2 ) x ' ' ' x ^t(y n )- 
By a horizontal .ft- valued /-form on X n , we mean a ^-valued Z-form on X n (i.e. a section 
of the vector bundle A l T*X n ® t*^ — > X n , which is horizontal with respect to the fiber 
bundle <fi n : X n — > Y n ). From now on, for any u,l 6 N, we denote by fij lor (.X ?l ,t*.ft) the 
space of horizontal .ft- valued Z-form on X n . 

We list below two important examples of horizontal forms. 

Proposition 6.2. The Ehresmann curvature to of a connection on a groupoid extension 
X\ — ► Y\ =4 M is an horizontal 2-form. 

Proof. This follows immediately from Eq. (l49l) . □ 

Proposition 6.3. Let X\ Y\ z4 M be a Lie groupoid extension with kernel K — * M , 
whose corresponding Lie algebra bundle is & — > M. Let 6 G Q (Xi,t*&) be a ^.-valued 
1-form on X\ satisfying 

9{e)=^ V£G^, (76) 

where, as in Section \4-3[ for any £ G .ft we denote by the fundamental vector field on X\ 
corresponding to the infinitesimal right action of K — > M on X\. Then d^O G Q 1 (X2,t*M) 
is an horizontal 1-form on X^. 
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Proof. Let us introduce some notations. The group bundle K, — ► M acts on X 2 from the 
right in two different ways. The first one is given, for all (xi,x 2 ) G X 2 and k G t£t(xi)i by 
(xi,X2) ■ k = (xi • fc,x 2 ); the second one is given, for all (xi,X2) G X2 and k G K. t i X2 \, by 
(xi,x 2 ) • k = (xi,x 2 • fc). For any (xi,x 2 ) G X 2 , and any £ G &t( xi ) (resp. £ G £t( X2 ))> we 
denote by ^ (resp. the tangent vectors in T( XljX2 )X2 corresponding infinitesimally to 
these two actions. Denote by pi,m,p2 the three face maps from X2 to Xi. For any £ G .ft, 
we have 

Pi*er = e, m^> = (Ad x _i e) > , p^r = °> 
pi*^ = 0, m^ 2 > = e > , P2*^ = e- 

Thus it is routine to check that the two relations ^ _l 3^6* = and £3* — ' = hold, 
which implies that (9^0 is horizontal. □ 

Definition 6.4. The d > -cohomology of a Lie groupoid extension X. Y. is the 

cohomology of the cochain complex ((J7'(X n , t*fi)) ne f$, cP) . THs denoted by Hq£(X. —> Y.). 

The following proposition can be verified directly. 

Proposition 6.5. Lei Xi Yi z4 M fee a Lie groupoid extension. Then for any fixed 
I G N ; Q l hoi (X.,t*Si) is stable under d > , i.e. 

d*>{n l hoI (x n ,t*si)) cn l hor (x n+1 ,t*&). 

Therefore, for any fixed I G N, the horizontal Worms ((f^ or (X n , t*.ft))„ g N, 9 > ) form a 
cochain subcomplex. 

Definition 6.6. The horizontal cohomology of a Lie groupoid extension X. 

Y. is the cohomology of the cochain complex ((^h or (X„, t*.ft)) ng N, 9 > ) . It is denoted by 



6.2 Horizontal cohomology and strict homomorphisms 

Let / be a homomorphism of Lie groupoid extensions from X' t — > Y' % to X. — > Y.. As usual, 
denote by .ft — > M (resp. .ft' — > M') the Lie algebra bundle associated to the groupoid 
extension X\ — > Yi z4 M (resp. X{ — > Y/ 14 M'). In general, there is no straightforward 
way to make sense of the pull-back through / of a .ft- valued form on X\ (or, more generally 
on X n for some n G N) such that the pull-back form is .ft'- valued. Indeed, if C is an Z-form 
on X n with values in t*.ft, the usual pull-back f*Q takes its values in (/*ot*).ft rather than 
in t'*.ft'. To build up a form on X' n with values in t'*.ft', one needs to identify (/*ot*)^ with 
t'*.ft' at any point (x' l5 • • • ,x' n ) G X' n . When / is a strict homomorphism of Lie groupoid 
extensions, in particular a Morita morphism, / establishes an isomorphism between K-t(x' n ) 
and fct(f(x n ))- Hence its differential at the identity ft(x' n )* gives the required identification. 

This leads to the following definition of the pull back tf(X n ,t*ft) A Sl l (X' n ,t'*8!): 

(/*C)(ei,-- - ,ej) = / t 7iu(C(/*ei,-" ,f*ei)), Vei,-- - , e x G T {xi ... >Xn )X n . (77) 



The following lemma can be verified directly. 
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Lemma 6.7. Let f be a strict homomorphism of Lie groupoid extensions from X' m — > Y' 
to X.^>Y„ Then 

1. the pull-back map is a chain map with respect to ; 

2. the pull-back of an horizontal form is again horizontal; 

3. 9 G tt l (X x ,t*&) satisfies f> J0 = for all £ € if, and only if, f*6 G n l (X[,t*M.') 
satisfies —I f = C, for all £' G 

As an immediate consequence, we have the following 

Corollary 6.8. Lei f be a strict homomorphism of Lie groupoid extensions from X' t — > Y.' 
fo X. — > Y.. T/ien i/ie pull-back map f* gives rise to morphisms 

f* : H#(X. -> Y.) — > -> Y.0 (78) 

/* : fl££(X. - Y.) — F h ^ r (x: - Y.'), (79) 

/or a// n, I G N. 

6.3 Morita invariance 

In this subsection, we show that both the horizontal cohomology and the c^-cohomology 
are invariant under Morita equivalence. In other words, they turn out to be cohomological 
objects associated to a gerbe. Our proof relies on the notion of generalized morphisms 
introduced in Section [2T3l and is similar to the proof of Proposition 2.5 in [5T] . 

Theorem 6.9. 1. Morita equivalent groupoid extensions have isomorphic d > -cohomologies. 

2. Morita equivalent groupoid extensions have isomorphic horizontal cohomologies. 

3. In particular, if f is a Morita morphism of groupoid extensions, the maps f* defined 
in Eq. (l78l )-( |79~T) are isomorphisms. 

We need two lemmas. 

Lemma 6.10. If f is a Morita morphism of Lie groupoid extensions from X[ — > Y[ z4 M' 
to X\ — > Y\ =4 M such that f : M' — > M is an etale map, then the pull-back map f* as in 
Eqs. (I78p -(|79l) induces isomorphisms on both horizontal and d > -cohomologies. 

Proof. Note that U i— > £1^(17,^8) (resp. J7 i— * £l l (U,tf u &) is a sheaf over the simplicial 
manifold (X n ) n ^ (see [Mj). And the horizontal cohomology H^ T (X. —> Y.) (resp. the 
9^-cohomology Hg^(X m —> Y m )) is the corresponding sheaf cohomology. When / is an 
etale map, it is clear that the pull-back sheaf f*(Q l hoT (—,t*R)) (resp. , t*^))) is 

isomorphic to n l hor (-,t'*ft r ) (resp. fi , (-,t'*if)). According to Theorem 8.1 in pj, /* 
induces an isomorphism in cohomology: 

/* : (X. - Y.) ^ ff^ r (X; - Y.0 (80) 
f : H$(X. - Y.) ^ fl^'(X - Y.'). (81) 

□ 
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Proposition 6.11. 1. Any generalized homomorphism of Lie groupoid extensions F 
from X' t — > Y' % to A. Y. induces canonical homomorphisms 



F* : H^{X. 



F* : H&(X. 



y.)^h^(x:^y:), 



(82) 
(83) 



for all n,l G N. 



in particular, if F is a generalized homomorphism of Lie groupoid extensions induced 
by a strict morphism of groupoid extensions f , then F* coincides with the pull-back 
map f* in Corollary 1 6. §[ 



3. Moreover, the relation 



{F 1 oF 2 y = F20F* 



holds for any composable pair Fi,F 2 of generalized homomorphisms of Lie groupoid 
extensions. 



Proof. 1. Assume that F is given by the bimodule M' B -A- M. According to 
Proposition 12.111 F is the composition of the canonical Morita equivalence between 
X' t — » Y' % and A^[l?] — > Y'J\B\ with a strict homomorphism of groupoid extensions 
from A^[_B] — > Yf[B] to X. —*Y,. Since B A M is a surjective submersion, it admits 
local sections. Hence, there exists an open cover {Ui)i^i of M' and local sections cij of 
B M' relative to this open cover. The sections (<7j) induce a strict homomorphism 
ipu from X' t [ii] — > to A. — > Y. by composing the natural strict homomorphism 

from A; [it] Y.'[il] to A;[S] -» Y.'[.B] with the one from X' m [B] -> Y.'[5] to A. -» Y.. 
Denote by Xil the Morita morphism from A^[il] — > Y/[il] to A^ — > Y/. 

We now define F* as the composition 



y.) ^ h^x'm ^ Y:m 



and similarly 



(x&Y 



H n Mx',^Y:). 



Here we have used the fact that xti 1S an isomorphism by Lemma 16. 10L 

We need to check that F* does not depend on the choice of the open cover and the 
local sections. Let 53 := (Vj,fj)j^j be another choice of such local sections. The union 
of it and 23 is another such open cover of M' together with a set of local sections of 
B — » M' . It is simple to see that we have the following commutative diagram, where 
all the arrows are strict homomorphisms of groupoid extensions: 
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It follows from a diagram chasing argument that 

Hence F* is indeed well-defined. 
2. If F is induced from a strict homomorphism of Lie groupoid extensions /, in other 



words, if F is given by the bimodule M' 
with the map /* defined in Corollary 



id 



M —> M, then x = id and ip coincides 



Let X. — > Y m , X' t — > Y[ and X" — > Y." be Lie groupoid extensions with base manifolds 
M, M' and M" , respectively. Let F\ and F2 be generalized homomorphisms from 
X', -> Y.' to X. -> Y. and from X" -> Y." to X^ Y.', respectively. According to 
the first part of the proof, there exists an open covering il = (£/&) of M' and a strict 
homomorphism ipu of groupoid extensions from X' t [ii] — > Y.'[il] to X. — ► Y. such that 
= (x<u) "V'it- The same holds for F2. However, we can choose an open covering 
53 = (Vi)i<=l of M" and a strict homomorphism of groupoid extensions ip<xs such that 
V'sK^O is contained in an open set U G il, for all F G 23. Composing ip^s '■ Lb ^ - ► Af' 
with these inclusions yields a map j : V\ — > JJ fe f/fc. We can then construct a strict 
homomorphism \ij of groupoid extensions from X"[Q3] — > Y."[QJ] to X' m [ii] — ► Y # '[il]: 

Hj(vx,x,v 2 ) = (j(vi),ito(vi,x,V2),j(v 2 )) 
Vj{vi,y,v 2 ) = {j{vi),i>x{v 1 ,y,V2),j{v 2 )) 

for all 2 G X", y G Y[' , v±,v 2 G ]J; with Xqj(ui ) = s(s) = s(y) and Xaj(«2) = t(x) = 
t(y). We then have the following commutative diagram of strict homomorphisms of 
Lie groupoid extensions: 



X" 



x> 






X'J[*D] 



X'fil 




(84) 



The composition ijj^X°^j is a strict homomorphism of Lie groupoid extensions from 
X'.'[ZJ] -> Y"[23] to X. Y m . It is obvious from Diagram ([84]) that 



X. 



X;[Q3] 



is a bimodule representing the generalized homomorphism F\oF 2 . Therefore, 

{F la F 2 y = (xhT^WuwY = (xh)~ 1 °tf°^= (x^) -1 °(^)*°(xi) -1 ^I t = ^ 2 *^r- 



□ 



Proof of Theorem Iff, PI If F is a Morita equivalence from X' t — > Y.' to X. — > Y. given 

by the bitorsor M' <— B M, then, according to Proposition 12.101 F~ 1 oF is a Morita 
equivalence from X. — > Y. to itself, whose corresponding bitorsor is given by M <— (B x j^; 
B)/X[ — > M. The later is canonically isomorphic to M <— Xi — ► M, which is indeed 
the generalized morphism corresponding to the identity strict homomorphism. Thus it 
follows from Proposition 16.111 that {F~ l oF)* = id. Therefore the conclusion follows from 
Proposition 16.111 immediately. □ 
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Remark 6.12. Note that the isomorphism between the horizontal cohomologies of Morita 
equivalent groupoid extensions is not canonical. It depends on the choice of the Morita 
equivalence bitorsors, as seen in the above proof. 

6.4 Obstruction class to the existence of connections 

The main purpose of this subsection is to introduce a characteristic class [obs] in H^ r (X, — > 
y.), which measures the existence of connections on a Lie groupoid extension X. —*Y.. 
Forgetting about the groupoid structure, consider any horizontal distribution H on the 

fiber bundle X\ — ► Y\. Let 9 € £l l {Xi,t* &) be its associated .ft- valued 1-form, i.e. the 
unique 1-form that vanishes on H and satisfies Eq. (|76l) . According to Proposition 16.31 
8 > 9 is a .ft- valued horizontal 1-form on Xi- Moreover, since (d») 2 = 0, d > 9 is a 2-cocycle 

2 1 

of the horizontal cohomology, and hence it defines a class in H^ OT (X. — > Y.) that we call 
the obstruction class and denote simply by [obs]. This terminology is justified by the 
following 

Proposition 6.13. 1. The class [obs] € H^ r (X. — > Y.) does not depend on the partic- 
ular choice of an horizontal distribution H on the fiber bundle X\ Y\ . 

2. The class [obs] vanishes if, and only if, the groupoid extension admits a groupoid 
extension connection. 

Proof. 1. Let H and H' be any two horizontal distributions on the fiber bundle X\ — > 
Y\, and 9,9' £ ^(ATi, t*.ft) their associated .ft-valued 1-forms. By construction, 9 — 
9' is an horizontal 1-form on X%. Therefore 8^9 and 8^9' differ by a horizontal 
coboundary. Hence [8^9] = [d > 9']. This proves (1). 

2. Assume that [obs] = 0. The .ft- valued 1-form 9 € Jl^-Xi, t*.ft) associated to any 

horizontal distribution H on the fiber bundle X\ Yy gives a representative 8^9 
for the obstruction class [obs]. Hence, by assumption, there exists an horizontal 8.- 
valued 1-form Q on X\ such that 8^9 = 8 > (. It is simple to check that a = 9 — £ G 

SPiXiXfy is indeed a right connection 1-form for the groupoid extension X. — * Y m . 

□ 

Combining Proposition 16.131 with the Morita invariance of the horizontal cohomology ob- 
tained in Proposition 16.91 we are led to the following main result of this subsection. 

Theorem 6.14. 1. Given a Morita morphism f of Lie groupoid extensions from X', — > 
Y' % to X. — > Y % as in Eq. j2]), let fobs'] and [obs] be their obstruction classes. Then 
[obs'] = /*[obs], where f* : H h ' ov (X. —*Y,)—* H^ ox {X' m — > Y.') is the homomorphism 
given by Eq. (f79l . 

^. // a Lie groupoid extension admits a connection, so does any Morita equivalent Lie 
groupoid extension. 

Proof. Observe that (2) is a trivial consequence of (1). Now let 9 be a .ft- valued 1-form on 
X\ satisfying Eq. ([76]) . Then, according to Lemma[63l3), the pull-back f*9 G (JT( , t'^ft') 
satisfies Eq. (TTHD as well. By Lemma EZfl), the relation 8 t> {f*9) = f*{8 > 9) holds, which 
implies that [obs'] = /*[obs]. □ 
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6.5 Moduli space of connections on a Lie groupoid extension 



We now study the space of right connection 1-forms of a Lie groupoid extension X\ 
Y\ z4 M assuming that the obstruction class vanishes. Denote by Z^ or (X\, t*&) (resp. 
Zq> (Xi,t*R)) the space ofhorizontal 1-forms in Q^pf^t*.^) (resp. 1-forms in fi-^-Xi, t*£)) 
which are 9 > -closed. 

Proposition 6.15. For any Lie groupoid extension X\ Y\ ^ M with vanishing ob- 
struction class, the space of right connection 1-forms is an affine subspace of Z l (X\,t* 8.) 
with underlying vector space Z^ or (Xi,t*K). 

Proof. Since the obstruction class vanishes, there exists a right connection form a G 
Q l (Xi,t*&). It is easy to see that a 1-form a' G fi 1 (Xi,t*^) is a right connection 1-form 
(i.e. is c^-closed and satisfies Eq. ((76])) if, and only if, a - a' G ^ or (Xi,t*&). □ 

Two right connection 1-forms a and a' on a Lie groupoid extension X\ Y\ =$ M 
are said to be equivalent if, and only if, a — a' = 8^(3 for some (3 G VI 1 (M, By M. we 
denote the moduli space of right connection 1-forms on a Lie groupoid extension^! 

X\ Y\ =4 M. The following proposition is thus immediate. 

Proposition 6.16. For a Lie groupoid extension X\ Y\ z4 M with vanishing ob- 
struction class, the moduli space of right connection 1-forms M. is an affine subspace of 
Hq£(X. — > Y.) with underlying vector space H^ r (X, — > Y.), 

We now describe the relation between the moduli spaces of right connection 1-forms of 
Morita equivalent extensions. We start with a lemma. 

Lemma 6.17. Assume that f is a Morita morphism of Lie groupoid extensions from 
X', — > Y' % to X. — > Y m . A 1-form a G f^pTi, t*.ft) is a right connection 1-form of the Lie 
groupoid extension X —>Y z4 M if, and only if, f*a G Q 1 (X[, t'*8!) is a right connection 
1-form of the Lie groupoid extension X' m — * Y' m . 

Proof. For any a G J7 1 (Xi,t*^), according to Lemma l6~7T l). we have f*d > a = d > f*a = 0. 
Hence a is 9^-closed if, and only if, so is f*a. According to Lemma I677T 3). Eq. (|76j) holds 
for a if, and only if, it holds for f*a. Hence it follows that a is a right connection 1-form 

on Xi — > Yi =t M if, and only if, f*a is a right connection 1-form on X' — > Y' M' . □ 

Theorem 6.18. 1. For any Morita morphism of Lie groupoid extensions f from X[ — : > 

Y[ z4 M' to X X ^Y X ^ M, the pull-back map f* : H^(X. -> Y.) -» H$(X' m -> 
Y.') induces an isomorphism of their corresponding moduli spaces of right connection 
1-forms M and Ai . 

2. The moduli spaces of right connection 1-forms of Morita equivalent extensions are 
isomorphic. 



2 Readers should not confuse this with moduli space of flat connections in gauge theory. Here there are 
no gauge groups involved. 
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Proof. By Theorem l6.9l the map /* : H d l {X. — > Y.) — > (X' t — > Y.') is an isomorphism, 
which, according to Lemma T6.171 sends M. into M! . It is thus enough to show that the 
restriction of /* to A4 is surjective onto M.' . Assume that [a'] G M.' . Since /* : Hg£(X. — > 
Y.) — » H^(X' t — » y.') is surjective by Theorem 16.9( 1). there exists a G (Xi,t*^) such 
that /*[a] = [a']. That is, f*a = a' + a > /3' for some /?' G QL x {M' t 8!). However, since 

a' + d > j3' is also a right connection 1-form on the groupoid extension X[ —> Y[ zz£ M', 
according to Lemma l6.17l a must be a right connection 1-form on the groupoid extension 

X\ Y\ z4 M. This concludes the proof. □ 



6.6 Connections for G-gerbes over manifolds 

The main goal of this subsection is to compute the horizontal cohomology of a groupoid 
G-extension of a Cech groupoid, i.e. of a G-gerbe over a manifold, where G is a connected 
Lie group. As a consequence, we show the existence of connections. 

First we need to introduce some preliminary constructions. We do not have to restrict 
ourselves to the case of G-gerbes over manifolds at this point, although this is the only 
case that we are concerned about in applications. 

Let X\ —> Y\ zz^ M be a Lie groupoid G-extension. Its kernel is the Lie group bundle 
K, — » M with Lie algebra bundle .ft — > M . For any n G N, consider the fiberwise group 
cohomology \J rn H n (K. m ,R m ) of K, with values in .ft relative to the adjoint action, which is 
clearly a vector bundle over M, denoted by H n (IC,&.) — > M. 

As we have seen in Section 12.11 any element x G X\ defines a Lie group isomorphism 
Ad x : 1Ct(x) ~^ fcs(x)> an d thus a Lie algebra isomorphism Ad x : &t(x) ~~ > &a(x)- These 
isomorphisms induce an isomorphism of cochain complexes mapping / G C°°(IC S ^ x 
••• x £„(.,.), Jl^.,.)) to (fa,--- ,k n ) i-> Ad,.-i /(Ada, h, • • • ,Ad x k n ) in C°°(K, t ^ x ••• x 
1Ct(x),&t(x))- Therefore it induces an isomorphism H n (JC s ^, ^ x) ) H n (JC t ( x) , -ft t(;E )), 
which is still denoted by Ad^ by abuse of notation. In other words, H n ()C,&) —> M is 
a vector bundle over M on which the groupoid X\ z^ M acts from the left. That is, 
H n ()C,&) — > M is a left vector bundle over the groupoid X\ z4 M. In fact, this action 
descends and induces an action of the groupoid Y\ zz£ M since any element in the kernel K, 

of X. — * Y. acts trivially on H n (fC, .ft) — > M. Indeed for a connected Lie group G, it is well 
known that the inner automorphisms of G preserve the cohomology classes of H n (G,g). 
Thus we have proved the following 

Proposition 6.19. For all n G N ; H n ()C,&) — > M is a vector bundle over the groupoid 
Y\ z4 M. 

Considering K, as a Lie subgroupoid of X\ zz£ M s one obtains a monomorphism of groupoid 
extensions i from /C —* M zz^ M to Xi — » Yi zz£ M. The horizontal cohomology of 
K, — > M zz^ M can be easily described by the following 

Lemma 6.20. We have 

flj£(£. - M.) ~ ^(M,^"(/C,^)), (85) 
where H n (lC,8.) — > M is £/ie vector bundle constructed above (ignoring the Y,-action). 
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Proof. The natural identification X^/CJ ^ r(vr* A z TM) given by the differential of 
7r : fC n — > M induces an isomorphism Q l hoT (]C n ,t*&) ~ £l l (M,E n ), where E n is the vec- 
tor bundle UmeM C°° ((^C|m) n , &m) — * M. It is simple to check that, under this iso- 
morphism, the differential : ^ or (/C n , t*£) -» n l hor (K, n+1 ,t*M) becomes the opera- 
tor d : Q l (M,E n ) -> f^(M,£ n+ i), which is the fiberwise group cohomology differential 
C°° ((/C| m ) n ,^ m ) — > C°° ((/C| m ) n+1 , . Taking its cohomology, one obtains an isomor- 
phism -> M.) ~ ^ (M, £P(£, £)) . □ 

For all n € N, from the induced map i : K. n — * X n , we obtain a chain map i* : 
^Lr( X n,t*^) — » fij^C^.t*^) and hence a map in cohomology 

e : H£ (X. Y. ) — , fl£ (/C. - M. ) . (86) 
Composing the maps given by Eq. (|86l) with Eq. ([85]) . we are led to 

Proposition 6.21. Let X\ — > Yi M 6e a Lie groupoid G-extension, with kernel being 
the Lie group bundle fC —> M with corresponding Lie algebra bundle .ft — > M. For any 
£ £ N, i/*e inclusion map i : K,. — > X. induces a natural restriction map 

i* : -> y.) — » fi 1 (M, i/^/C, £)) , (87) 

where H n (!C,8.) —> M is the vector bundle constructed above (ignoring the Y.-action). 

It is simple to see that this restriction map i* is stable with respect to Morita morphisms 
of Lie groupoid extensions. 

Lemma 6.22. Let f be a Morita morphism of Lie groupoid extensions from X' m — ► Y.' 

to X. — » Y. as in Diagram ([2]) . Let K, and K! denote the kernels of 4> and <f>' respectively. 
Then the following diagram commutes: 

Ki(X. -> Y.) H*{X' 9 -> Y.') 

i* »'* 

(m, # n (/c, #)) — jf n l (m', H n (ic', #)) • 

Let us turn our attention to the case of a G-extension of a Cech groupoid JJ^ • {Jjj ^4 \Ji Ui 
associated to an open covering (Uj)j^j of a manifold N. In this case, vector bundles 
over the Cech groupoid f/jj =4 ]Jj Ui are in 1-1 correspondence with ordinary vector 
bundles over the manifold N. For all n G N, we denote by H n (fC, &)n the vector bundle 
over N corresponding to the vector bundle H n (fC,fi.) over JJ^ . Uij =3 \Ji Ui obtained as in 
Proposition 16.191 

Theorem 6.23. Let X\ — > Yi M denote a Lie groupoid G-extension X\ — > JJ^- z4 
]Jj C/j o/ a (7ec/i groupoid JJ^- C/jj =| ]Jj t/j associated to an open covering {Uj}j e j of a 
manifold N . Then, for any pair n, I E N, the map in Eq. J82D factorizes through fi'(]\T, # n (/C, 
n'(M, # n (£,£)): 

H^ T {X. - Y.) (88) 
n'(iV, H n (IC,R) N ) -^n l (M,H n (IC,K)) 
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Moreover, ? : H^(X. -> Y.) — ► Q. 1 (N , H n (K, A) N ) is an isomorphism and the restric- 
tion map i* : H^[(X. -» Y.) -» n l (M, H n (JC, ft)) is injective. 

We need some preliminaries. Any smooth function / on the manifold N can be pulled back 
to a function f n on X n using any appropriate composition of consecutive face maps together 
with the projection \J i Ui A N . In other words, f n = p* n f ', where p n is the composition 

X n ... a Uj 1 ...j n — > N. The following result is straightforward. 

Lemma 6.24. For any ( G Q, l (X n ,t*&) and any function f G C°°(N), we have 

d > (fnC) = fn+ld^. 

For any open set U C N, we denote by Xi[p _1 ?7] =4 p^{U) and Yi[p _1 [/] =4 P _1 (^0 
the restriction of the groupoids Xl =4 M and Yi =4 M to the open submanifold p~ l {U) 
of the unit space M, respectively. It is clear that Xi[p _1 C7] — ► Yi[p _1 C7] =4 p^{U) is a 
G-extension. 

For any fixed integers n and I, we define a pre-sheaf £ n ' 1 over X by U i— > H^ T (X, [p^^-U] — > 
Y.^t/]), the restriction maps : ^(X.^t/] -» Y.[p _1 C/]) -» tf^X.frrV] 
Y.[p _1 F]) being the pull-backs of the natural inclusion of X.[p _1 y] — > Y.[p _1 F] into 
X. — ► Y. [p -1 ?/] for any open subsets V C J7 of N. 

Lemma 6.25. For any n, I G N, i/ie presheaf £ n ' 1 is a sheaf. 

Proof. First, let (f7j)j e / be open subsets of N, U = Ujg/t/j and (fi)iel a partition of unity 
of J7 with supp(/j) C f/j for alH G / (which exists since we consider paracompact manifolds 
only). First, let [u>i] € H^ r (X,[Ui] — > Yj [£/$]) be the cohomology class of some horizontal 
cocycle u>i G (X n [Ui] , t*j£) , for all i G J. If r^ nU . [uoi] = J"^^ [c*>j] for all i,j G /, then, 
thanks to Lemma [6.241 u = Yli^i (fi) n w * 1S a horizontal cocycle in n l (X n [U],t*&). By 
construction, its class [u] G A^orC^I^I — ► Y,[U]) satisfies rjj. [u] = [u>i], for all i £ I, 

Secondly, let [u] G H^ r (X.[U] -> K.[E7]) be the class of some horizontal cocycle u G 
f2'(X n ,t*.£). If r^. [w] = for alii G /, then there exists an horizontal form r\i G f^(X n „i[£/j], t* 

such that d > r]i = um. for all i G J. Set 77 = X)iei (/i)n-i ^ By Lemma f6. 241 we have 

As a consequence, we have [u>] = 0. Therefore, £ n ' 1 is a sheaf. □ 

We define two other sheaves over N: 

F 1 ' 1 : U ^ n l (U,H n ()C,8.) N ), 
gn,i ;U ^Sl l {p- l U,H n {K,,&)). 

Moreover, the covering M — > X induces a morphism of sheaves J 7 ™' — > Q n ' and, by 
Proposition 16.211 the inclusion K. —* X. induces a morphism of sheaves £ n ' 1 —> Q n ' 1 . 

Now we need a general fact about sheaves over a manifold. 
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Lemma 6.26. Let £, T and Q be sheaves over a manifold N, and let h : £ — > Q and 
p : J- — » G be morphisms of sheaves with p injective. Assume that for any contractible open 
set U, the map hu : £(U) — > G(U) factorizes through 

£(U) (89) 




where the map hu : £{U) — > T(U) is an isomorphism. Then the morphism of sheaves 
h : £ — > Q factorizes through 



£ 




h 



where h : £ — > T is an isomorphism of sheaves. 



We can now turn to the proof of the our main results in this section. 



Proof of Theorem \6.23l It remains to show that the morphism of sheaves i* factorizes 
through the monomorphism p* as an isomorphism of sheaves i*\ 

(90) 

i* 

<pn,l Qn,l 

•r p * y 

Indeed, evaluation of the presheaves £ n ' 1 , T n,x and G n ' 1 in Diagram ([90]) on N, seen as an 
open subset of itself, yields Diagram (jH5]l . 

As a consequence of Lemma f6, 261 since £ n '\ T* 1 ' 1 and G n ' 1 are sheaves, it suffices to prove 
that, for any contractible open subset U of N, there exists a group isomorphism i[j such 
that 

H^X.lp-iUj^Y.lp^U]) (91) 

n l (u,H n (ic,8.) N ) ^^n^p-^^iiCK)) 

Pu 

commutes. 

However, according to Corollary 13.191 the G-extension X.[p _1 C7] — > Y.[p _1 C7] of the Cech 
groupoid \] Li ■ Uij fl U TJ^ Ui fl U of the contractible open manifold U has a refinement 
which is isomorphic to a trivial G-extension. In other words, there exists a refinement 





57 



5J = U Qe ^4 V a of the open covering \J ieI U^ClU of p 1 U together with a Morita equivalence 

U x G - II V a /3 x G X^U] 



Y^U] 




Therefore, applying Lemma (|6.22|) to each Morita morphism, one obtains the commutative 
diagram 



B&UP x G). - U.) 

(3) ^ 

n l (u,H n (G,e))- 



(2) 



KoAU x G)M - U.m ^- HZiX.ip-'U] - Y.[p-'U]) 



(i) 



n.l , 



(4) 



tt l [%J,H n (G, q)) 



^(p-^.fPCCfl)) 



where, the restrictions of H n ()C,&) to contractible open sets have been identified with 
the trivial vector bundles with fiber H n (G,g). Here (3) is an isomorphism by Lemma IHUl 
(1) and (2) are isomorphism by Theorem 16.91 and the injection (4) factorizes through the 
injection (5) to yield p\j. Thus one obtains the commutative Diagram (|9T|) . □ 



We can now state the main corollary of this result. 

Corollary 6.27. Any groupoid G-extension of a Cech groupoid admits a connection. 

Proof. It suffices to prove that the obstruction class [obs] of any groupoid G-extension of a 
Cech groupoid vanishes. Since the vanishing of [obs] is preserved under Morita equivalence, 
we can assume that (Uj)j^j is a good open covering and X\ ~ Jj- Uj x G, Y\ ~ JJ. • Uij. In 
particular fC ~ \J i Uj x G is the trivial group bundle. Consider the g-valued 1-form on X\ 
given by 6 = p^G, where p2 ■ Uij x G — > G is the projection onto the second component 



and Qq is the right Maurer-Cartan form on the Lie group G. Since 6 satisfies Eq. (J76) . we 
have [obs] = [9 > 0]. Moreover, by construction, one has i*[obs] = 1*18^9} = [dOo] = 0, 

M.) is the restriction map. By Theorem 16.231 i* 



where i* 



Hli(x. 



Y.) 



□ 



is injective. Hence the obstruction class [obs] vanishes. 



Note that for bundle gerbes, the existence of connections was proved by Murray [42] . 
Another consequence of Theorem 16.231 is the following 



Corollary 6.28. Let X. A Y, be a Lie groupoid G-extension X\ — > Uij =4 IJj Uj of a 

Cech groupoid JJ f - Uij zzfc ]J • ?7j associated to an open covering (Uj)j^j of a manifold N. 
Assume that a is a right connection 1-form with Ehresmann curvature uj € f2 2 (Xi, t*.8). 



1. The class of uj in h}'^ (X. — » Y.) is zero if, ane? on/y i/, i/ie band is flat. 



2. If N is simply connected and [uj] vanishes in H^ r (X, — > Y.) ; tten i/ie frand is trivial. 
And therefore the extension is central. 
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Proof. [H According to Corollary 15.161 the band is flat if, and only if, [a; ] = in 
H^QC, — » M.) or, equivalently, if, and only if, [u] = in H^ T (X. — > Y.) since 
i* : ^; 2 r (/C. - M.) - ^; 2 r (A. -> y.) is injective. 

[21 The band can be identified with an Out(G)-principal bundle over N. Hence, since N 
is simply connected, it must be trivial if it is flat. 

□ 



6.7 Flat gerbes 



First of all, we introduce the following definition which generalizes the same notion in the 
case of abelian gerbes [81 [T8l 1281 142] . 

Definition 6.29. Given a Lie groupoid extension X% — ► Yi =3 M , and a right connection 
1-form a G &}-{X\,t*8) with Ehresmann curvature uj G Q 2 (Xi,t*.ft) ; 

1. a curving is a two-form B G Q 2 (M, such that d^B = uj; 

2. and given (a,B), = d v B £ Q, 3 (M, 8) is called the 3-curvature of (a,B), where 
dy : Q*(M, 8.) — > r2* +1 (M, R) is the exterior covariant derivative with respect to the 
induced connection V on the Lie algebra bundle & M as in Section 

Proposition 6.30. 1. Given a Lie groupoid extension X\ Y\ ^ M , and a right 
connection 1-form a G f2 1 (Xi,t*^) with Ehresmann curvature uj G Q 2 (Xi,t*R), a 

1 2 

curving exists if and only if [uj] G H^ ot (X. —*Y,) vanishes. 

2. If ' X\ —>Yi^ M is the groupoid extension of a Cech groupoid, then a curving exists 
if and only if the band is flat. 



Proof. The first assertion is straightforward. And the second follows from the first and 
Corollary E2H1 □ 

Remark 6.31. The above proposition indicates that the existence of both connections and 
curvings on a G-gerbe over a manifold would force it to be close to being a G-bound gerbe 
(or an abelian gerbe). 

The following lemma will be useful. We denote by Ad x -i the isomorphism T(s*^ — > M) ^> 
T(t*& — > M) obtained by mapping a section a G T(s*^ — > M) to the section x — > 
Adj-i a(x) in T(t*R -> M). 

Lemma 6.32. For any n G il fc (M, 8), we have 

{d X7t d > - d > d v )r t = [a,Ad x -i B *rj\. 

Proof. Since V* is the pull-back of V via t, one has (d w t* - t*d v )r, = 0. Therefore, it 
suffices to prove the following relation 

(d yt Ad^-i s* - Ad x -i s*d v )77 = [a, Ad x -i s* v }. (92) 



59 



The latter is equivalent to: 

V* Ad x -i s*a - Ad x -i s*V s , u a = [a(u), Ad x -i sV], Vu G T X X 1 (93) 

where a is any local section of 8. — > M in a neighborhood of s(x). 
If w = ^ is vertical, then 

V* Adj-i sV = Jr| r=0 Ad( x . exp ( T ty-i sV = [£, Ad^-i s*cr] = [a(u), Ad x -i s*a]. 

Hence Eq. ([93|) holds. 

On the other hand, if u G -ff x is horizontal, and X G £(Ai) is a horizontal vector field 
through u, then according to Eq. J47J, we have V* (Ad^-i s*a) = a([X, (Ad^-i sV)^])!^. 
Since (Ad x -i s*a) > = s*a <s and a = Ad x -i o/3, we have V*(Ad x -i s*a) = Ad x -i oP([X,s*a < ])\ x . 
According to Eq. ([48]) , we have V* (Ad x -i sV) = Ad x -i (V^(sV)) = Ad^-i s*V s , u cr. 
Eq. (|93l) thus holds in this case. This concludes the proof. □ 

Let Z(&) — > M be the subbundle of .ft — > M defined in Remark f5.19l We have the following: 

Theorem 6.33. Assume that X% — > M is a Lie groupoid extension with connection 

and curving. Let O G J7 3 (M, .ft) be the corresponding 3-curvature. Then f2 G S7 3 (M, Z(ft)). 
Moreover, we have 

d v fl = 0, d^ft = 0. (94) 

Proof. Denote the curving by B G fi 2 (M, ft). When being restricted to the group bundle 
K ^ M, the relation d > B = u yields that ir*B - Ad k -nr*B = uj K {k), \/k G K. 
Differentiating this relation with respect to k at the identity, and using Eq. (j70l) . one 
obtains that 

- ad B = uA (95) 

Recall that u;^ G 2 (M, End(ft)) is the curvature of the covariant derivative on the Lie 
algebra bundle .ft — > M. By the Bianchi identity, the relation dFto^ = holds. We therefore 
have 

= d u R = — (f v ads = — ad rf v# = — adn ■ 

As a consequence, the 3-curvature takes its values in the subbundle Z(M) — > M, 

We have d v O = {d v ) 2 B = -u A (B) = -&d B (B) = —[B, B] = since B is a 2-form. 
According to Eq. the Bianchi identity ([52j) reads d v *5 > 5 + [a, 9 > B] = - &d t * B (a) = 
[a, t*B]. The latter is equivalent to d^ d^B — [a,Ad x -i s*B] = 0. According to Lemma 
[67321 we have d^tt = d^d^B = 0. This concludes the proof. □ 

Definition 6.34. A Lie groupoid extension X\ ^*Y\=X M is called flat if there exists a 
right connection 1-form a G U (Xi,t*&), a curving B G Q 2 (M, .ft) such that the induced 
connection on the group bundle K, — > M is flat, and the 3-curvature vanishes. 

Recall that, from Corollary 15. 161 the band is flat if and only if \ufi\ = in H^(K 9 — > M,). 
Hence when a Lie groupoid extension is flat, its band must be flat. In fact, requiring band 
to be flat is slightly weaker than requiring the group bundle JC — » M to be flat. 

The following proposition is obvious. 
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Proposition 6.35. Given a connection on a Lie groupoid G-extension X\ — > Y\ ^ M , 
where M is a disjoint union of contractible manifolds, then the following are equivalent 

• the group bundle is flat, i. e. u) 1 ^ = 0; 

• there exists a trivialization % : /C ~ M x G such that F g = for all g E G. 

Let X\ — > Y\ =t M be a G-extension with kernel K, M. Denote by Z(fC) ^ M its 
bundle of centers. Assume that G is a connected Lie group with compact center Z(G), i.e. 
Z(G) is isomorphic to a tori. Hence the automorphism group Aut(Z(G)) is discrete. It thus 

follows that, for any connection on the extension Xi — ► Y\ =4 M, the induced connection 

on the kernel /C — * M defines a flat connection on this subgroup bundle Z(JC) — » M . 
Therefore, the induced connection on the Lie algebra bundle Z(&) — > M is also flat, which 
implies that its pull-back connection on t*Z(&) — > Y n , Vn € N, is flat as well. By 

D : n k (Y n ,t*Z(£)) — > n k+1 (Y n ,t*Z(R)), 

we denote its exterior covariant differential. 

It is simple to see that the adjoint action of X\ M on ^ — > M induces an action of 
Yi =4 M on Z(8) -> M. Thus we have a differential 

d : n k (Y n XZ{&)) — ► fi fc (y n+ i,t*Z(i^)). (96) 

Lemma 6.36. The following relations hold: 

8 2 = 0, D 2 = 0, [d,D]=0. 

Proof. The first relation is a general fact for any Lie groupoid representation. Let us prove 
the second one. 

Since the fibers of Z{K) — ► M are tori, for any m £ M, the inverse image of the exponential 
map exp : Z(&) m — > Z(JC) m of the identity element in Z(K.) m is a lattice L m C Z(M) m of 
maximal rank. This lattice is smooth, i.e. it is generated by smooth sections. The identity 
section in Z(K.) — » M is horizontal and by Lemma l46l a section of — > M is horizontal 
if and only if its image under the exponential map is horizontal. Hence it follows that any 
smooth section of the lattice L — > M is horizontal. As a consequence, the pull back t*l of 
a section I of the lattice L is a parallel section of t*Z(&) — > y n . 

This fact allows us to give an explicit local expression of D with the help of sections of the 
lattice L — > M as follows. Choose /i, • • • , local smooth generators of the lattice L — > M 
on some open set C/ C M. Any cj € O m (t _1 (C7), t*Z(^)) can then be written uniquely as 
to = Yli=i ^i®t*li (where u\, ■ ■ ■ ,Uk are m-forms on t _1 (C7) and t*Zj denotes the pull-back 
of li through t, for all i G {1, • • ■ , k}). Hence, the covariant differential of co is given by 

k 

Du = J2(daJi) (g) t*k, (97) 
i=i 

where d stands for the usual de Rham differential. Hence it follows that D 2 = 0. 
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Next we give an explicit expression of d with the help of sections of the lattice L — ► M. 
Consider any point (yi, ■ ■ ■ ,y n ) 6 Y n . Let (Zi, ■•• , Zfc) be smooth generators of the lattice 
L in a neighborhood U of t(y n ) and Z^,- •• ,l' k smooth generators in a neighborhood V 
of s(y n ). The adjoint action of any y G s -1 (V) nt _1 ({7) C Yi must preserve the lattice 
L. That is, for any I G £ s (y), we have (Ad^) -1 / G -^t(y)- As a consequence, there exists 
a matrix (^a)a,j=i with constant integral coefficients such that, on s -1 (V) n t _1 (?7), 
Ady-i l'j = Yl a =l Malj. Taking the pull-back under t, one obtains that 

k 

A V f| i = E M ^'' ( 98 ) 

0=1 

The restrictions of lo G J7 m (y n , t*Z(^)) to t _1 ([/~) and t _1 (y), can be written in an unique 
way as uj = X^Li ® an d w = J]* = iwj <8> t*Z'-, respectively, where , • • • , uJt G 
n m [t- x (U)) and wj,.-. ,w- € n m (t _1 (y)). By the definition of d, for any ( Vl , ■ ■ ■ ,y n ) G 
Y n with y n G s _1 (y) nt _1 (?7), we have: 



n— 1 

-i \ i / n -;- ✓ i\ti a i — 1/ fn\v 

i=0 

n— 1 fc fc 



=j2(-m^ + (-i) n Ad-H^n 



= E E(- 1 ) J ( £ ")*^ ® + E^M ® Ad ^ ^ (99) 

i=0 j=l j=l 
n—1 k k k 

= E E(- 1 ) i ( £ ")*^- ® t% + (-1)" x; x; ^(eS)S ® t%. 

i=0 j=l j=l a=l 

The relation [d, D\ = thus follows immediately from Eqs. (j97]) - ([99l) together with the 
fact that the de Rham differential commutes with the pull-back maps (e™)* for all i G 
{0,---,n}. " " □ 

If Y± =4 M is a Cech groupoid associated to an open covering of a manifold iV, the Lie 
algebra bundle Z(&) — » M over Yi =4 M corresponds to a Lie algebra bundle over N, 
denoted by Z(fi) N -> iV. 

Lemma 6.37. Assume that Y\ =4 M is a (7ec/i groupoid associated to an open covering of 
a manifold N . Then the cohomology of the cochain complex (|96]) is <?iwen 6y 

H"(n\Y„t*z(si)),d) = { W>zW») n n = ° Q (ioo) 

Proof. Y\ =4 M is Morita equivalent to iV =4 -/V, and under this Morita equivalence, the 
module — > M over Yi z4 M becomes the trivial one Z(&)n — ► iV. Thus the conclusion 
follows from a general fact regarding groupoid cohomology of Morita equivalent groupoids 

en. □ 



Now we are ready to state the main result of this section. 

Theorem 6.38. Let X\ — > Y\ =4 M 6e a G-extension with kernel K, — > M, anc? a G 
Q 1 (Xi,t*^) a ri<//if connection 1-form with Ehresmann curvature uj G Sl 2 (Xi,t*.ft). Assume 

£/iaf a; = 0, i. e. i/ie group bundle K, — > M is /fat. T/ien 
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1. uj is valued in the center t*Z(R), i.e. uj € Q 2 (Xi, t*Z(&)); 

2. d^uj = 0; 

3. there exists a rj € Q 2 (Yi, t*Z(&)) such that 4>*r] = uj, and satisfies 

dr] = 0, Dt) = 0; 

^. if Y\ ^ M is the Cech groupoid associated to an open cover of a manifold N, then 
there exists a curving B € Q 2 (M, Z(&)), and the 3-curvature fl descends to a 3-form 
Qn in Q 3 (N, Z(M)n) such that tt*Q,n = where it : M — > N is the projection. 

Proof. 1. According to Eq. (|7I)L if uj^ = 0, then Sicuj = 0. Hence uj must take its values 
in the center of the Lie algebra R. 

2. It follows from 1) and the Bianchi identity ([521) , 

3. One needs to prove that uj is basic with respect to the right action of K,. Note that uj 
is an horizontal 2-form according to Proposition 16.21 For any x € X\ and k E /Q^.), 
let a be any local section of /C — > M through k. For any Uj £ T X X%, i = 1, 2, the 
elements Uj = o^oS*^) and i = 1,2 are composable in the tangent groupoid 
TX\ =4 TM, and Uj • v% = (R a )*Ui, i = 1, 2. Then the relation cPu; = implies that 

W U.x (C^)*^' (Ar)*^) = (ui -Vi,U 2 - V 2 ) 

= uj\ k {ui,u 2 ) + Ad fc x -^(ui,^) = a;| a («i,u 2 ), 

where, in the second equality, we used the assumption that = 0. Thus it follows 
that uj is basic. Hence there exists a rj G il 2 (Y"i, t*Z(^)) such that uj = 4>*rj. 

Since the groupoid morphism <f> : X, — > Y m commutes with their actions on Z(K) 
M, it follows that cp*d = d > ^>*. Thus we have drj = by Eq. ([53]). On the other 
hand, we have = d v uj = d? cp*r] = <fi*Dr]. It thus follows that Drj = 0. 

4. It follows from 3) together with Lemma [6.37L 

□ 

Remark 6.39. It would be interesting to compare our definition of curving and 3-curvature 
with the one defined by Breen-Messing [14]. It is clear that our definition reduces to the 
standard one in [42j [28] for bundle gerbes. 



6.8 Connections on G-central extensions 



We now study connections and curvings on Lie groupoid G-central extensions. By Theo- 



rem 13.121 for any central G-extension X± —* Y± M, there corresponds a Z(G)-central 
extension X\ — > Y% =4 M so that 

* * (10!) 
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where Z(G) acts on X\ x G diagonally: (x,g) ■ h = (xh t ^, h 1 g), V7i G Z(G). Recall that 
X\ is a G-G principal bibundle, where the actions are given, respectively, by 

g-[x,g'] = [x, gg'\ , [x,g']g=[x, g'g] . 

Denote by ir : X\ x G — > X\ the quotient map, by pr 1 : Xi x G — > X\ and pr 2 : X\ x G — > G 
the projections. Also, denote by r : Xi — ► Xi, the embedding denned by x — > n(x, 1). 

The following result describes the precise relation between connections on these extensions. 
Note that in this case VL rn (X n , t*K) (resp. O m (X„, t*Z(8))) can be naturally identified with 
the space of 5 (resp. Z(g))-valued m-forms on X n . Denote by 6 the left Maurer-Cartan 
form on G. 

Theorem 6.40. For a groupoid central G-extension X\ Y\ z4 M , there is a one- 
one correspondence between right connection 1-forms a G $7 1 (Xi,g) which are also right 
principal G-bundle connections, and connections a G Q, l (Xi, Z(g)) of the groupoid central 

Z(G)- extension X\ Y\ z4 M . 

Proof. Assume that a G f2 1 (Xi,g) is a connection 1-form for the right principal G-bundle 
X\ —*Y\. It is simple to see that T*a must be Z(g)-valued and a = T*a G fi^Xi, Z(g)) is a 
connection 1-form for the Z(G)-principal bundle X\ — > Y\. Conversely, given a connection 
1-form a G Q 1 (X 1 ,Z(q)) for the Z(G)-principal bundle Xi -> Yi, pr^ a + pr?j 6 G fi^Xi x 
G,g) is basic with respect to the diagonal Z(G)-action. Hence it defines a 1-form a G 
ri 1 (Xi, g) such that ir*a = pr^ a + pr^ 6. It is simple to check directly that a is a connection 
1-form for the right principal G-bundle X\ — > Y"i . 

Now we have 

7r *a < a = ^(pr* a + pr^ 0) = pr* d < a + pr*. = pr* d^a, 

since # is a left Maurer-Cartan form. Hence it follows that d^a = if and only if d < a = 0. 
Therefore the conclusion follows. □ 

We end this section with the following important 

Corollary 6.41. 1. There is a one-one correspondence between connections a on the 
central G-extension X\ — > Y\ M such that M x {g}, for all g G G, are horizontal, 
and connections a on the central Z(G)- extension X\ — > Y\ M . 

2. The form B G Q 2 (M, Z(q)) is a curving for a if and only if it is a curving for a. In 
this case, their 3-curvatures coincide. 

3. There is a one-one correspondence between flat central G-extensions X\ — > Y\ z4 M 
such that M x {g}, for all g G G, are horizontal, and flat central Z '(G)- extensions 
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